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Abstract. Fuzzy rough set method provides an effective approach to
data mining and knowledge discovery from hybrid data including cat-
egorical values and numerical values. However, its time-consumption is
very intolerable to analyze data sets with large scale and high dimension-
ality. In this paper, we propose a strategy to improve a heuristic process
of fuzzy-rough feature selection. Experiments show that this modified
algorithm is much faster than its original version. It is worth noting that
the performance of the modified algorithm becomes more visible when
dealing with larger data sets.
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1 Introduction

Feature selection, also called attribute reduction, is a common problem in pattern
recognition, data mining and machine learning. Unlike other dimensionality-
reduction methods, attribute reduction preserves the original meaning of the
features after reduction.

In order to deal with numerical and categorical data (or a mixture of both)
in data sets, fuzzy rough set model was first proposed by Dubois and Prade [1],
which combines rough set and fuzzy set together. To widely apply the method,
many extended versions and relative applications have been developed, cf. [5],
[13], [14], [16], [17], [19], [21], [22]. The lower/upper approximation in these fuzzy
rough set models tries to give a membership function of each object to a set.

Attribute reduction using fuzzy rough sets is often called fuzzy-rough feature
selection. To support efficient feature selection, many heuristic algorithms have
been developed in fuzzy rough set theory, cf. [2], [4]-[6], [8]-[10], [22]. Each of these
feature selection methods can extract a single reduct from a given decision table.
For convenience, from the viewpoint of heuristic functions, we classify these
feature selection methods into two categories: fuzzy positive-region reduction
and fuzzy information entropy reduction. In this paper, we only study fuzzy
positive-region reduction.

The concept of positive-region was proposed by Pawlak in [15], which is used
to measure the significance of a condition attribute in a decision table. Then,
Hu and Cercone [7] proposed a heuristic attribute reduction method, called
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positive-region reduction, which remains the positive region of target decision
unchanged. Under Dubois’s fuzzy rough set model, Jensen and Shen [8]-[10] de-
veloped a series of heuristic fuzzy-rough feature selection algorithms based on
fuzzy positive-region. Bhatt and Gopal [2] proposed a modified version to im-
prove computational efficiency. Under Hu’s fuzzy rough set model and Wang’s
fuzzy rough model, Hu et al. [5] extended the method from the literature [7] to
select a feature subset from hybrid data. Owing to the consistency of ideas and
strategies of these methods, we regard the method from [5] as their representa-
tive.

In a recent published paper in Artificial Intelligence, to overcome the short-
coming of computationally time-consuming of all heuristic attribute reduction
algorithms, Qian et al. [18] proposed an accelerator for attribute reduction in
rough set theory, which is based on a theoretical framework called positive ap-
proximation. Using the experience of the method for reference, in this paper, we
wish to develop an extended version of the accelerator for accelerating fuzzy-
rough feature selection. By incorporating the new accelerator into fuzzy-rough
heuristic attribute reduction method, we construct its modified version.

The study is organized as follows. Fuzzy rough set models are briefly reviewed
in Section 2. In Section 3, we establish the forward approximation framework, and
develop a modified attribute reduction algorithm based on the forward approxi-
mation. In Section 4, experiments on three public data sets show that this modified
algorithm is much faster original version. Finally, Section 5 concludes this paper.

2 Preliminaries

In this section, we review several fuzzy-rough set models and some related con-
cepts.

Given a nonempty finite set U , ˜R is a fuzzy binary relation over U , the granular
structure of the universe generated by a fuzzy binary relation ˜R is defined as

〈U, ˜R〉 = ([x1] ˜R, [x2] ˜R, · · · , [xn]
˜R), (1)

where [xi] ˜R = ri1/x1 + ri2/x2 + · · · + rin/xn. [xi] ˜R is the fuzzy neighborhood
of xi and rij is the degree of xi equivalent to xj . Here, “+” means the union
of elements. The cardinality of [xi] ˜R can be calculated with |[xi] ˜R| =

∑n
j=1 rij ,

which appears to be a natural generalization of the cardinality of a crisp set.
In this case, [xi] ˜R is a fuzzy set and the family of [xi] ˜R forms a fuzzy concept

system of the universe. This system will be used to approximate the object subset
of the universe.

Let ˜X be a fuzzy set. Then, it can be represented as

˜X = µ
˜X(x1)/x1 + µ

˜X(x2)/x2 + · · ·+ µ
˜X(xn)/xn, (2)

where µ
˜X(xj) denotes the membership degree of the object xj in ˜X.

The first fuzzy rough set model was introduced by Dubois and Prade [4]. By
their definition, a universe of objects U = {x1, x2, . . . , xn} is described by a fuzzy
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binary relation ˜R. Given X ⊆ U a crisp subset of objects, the memberships of
an object xi in a fuzzy rough set ( ˜R(X), ˜R(X)) of fuzzy sets on U are described
as

⎧

⎪

⎨

⎪

⎩

µ
˜R(X)(xi) = inf

xj∈U
max{1− ˜R(xi, xj), µX(xj)},

µ
˜R(X)

(xi) = sup
xj∈U

min{ ˜R(xi, xj), µX(xj)},
where U is a nonempty universe and R is a fuzzy binary relation on U .

In a recent paper, Hu et al. [9] gave another definition of a fuzzy rough set
in the context of hybrid data (for simplification, called Hu’s fuzzy rough set),
which is shown as follows.

Let 〈U, ˜R〉 be a fuzzy approximation space and ˜X a fuzzy subset of U . The
lower approximation ˜R ˜X and upper approximation ˜R ˜X are defined as [9]

{

˜R ˜X = {xi | [xi] ˜R ⊆ ˜X, xi ∈ U},
˜R ˜X = {xi | [xi] ˜R ∩ ˜X �= Ø, xi ∈ U},

where [xi] ˜R ⊆ ˜X means µ[xi]R̃
(xi) ≤ µ

˜X(xi), and [xi] ˜R ∩ ˜X �= Ø implies that

min{µ[xi]R̃
(xi), ; µ ˜X(xi)} �= 0, Ø = { 0

x1
+ 0

x2
+· · ·+ 0

xn
}. The order pair 〈 ˜R ˜X, ˜R ˜X〉

is called a fuzzy rough set. Without loss of generality, we will select Hu’s fuzzy
rough model as their representative in this study.

A decision table is an information system S = (U, C ∪D), where C is called
a condition attribute set and D is called a decision attribute [8]. In practical
decision-making issues, in general, the decision attribute D can induce an equiv-
alence partition, i.e., a crisp classification. In this paper, we only focus on this
kind of decision tables. Assume the objects are partitioned into r mutually exclu-
sive crisp subsets {Y1, Y2, · · · , Yr} by the decision attribute D. Given any subset
B ⊆ C and ˜RB is the fuzzy similarity relation induced by B, then one can define
the lower and upper approximations of the decision attribute D as

{

˜RBD = { ˜RBY1, ˜RBY2, · · · , ˜RBYr},
˜RBD = { ˜RBY1, ˜RBY2, · · · , ˜RBYr}.

Denoted by POSB(D) =
⋃r

i=1
˜RBYi, it is called the positive region of D with

respect to the condition attribute set B.

3 An Efficient Algorithm to Fuzzy-Rough Feature
Selection

Definition 1. Let P = { ˜R1, ˜R2, · · · , ˜Rn} be a family of fuzzy binary relations
with ˜R1 
 ˜R2 
 · · · 
 ˜Rn, and X a crisp set. Given Pi = { ˜R1, ˜R2, · · · , ˜Ri},
we define Pi-lower approximation Pi(X) and Pi-upper approximation Pi(X) of
Pi-positive approximation of X as

⎧

⎪

⎨

⎪

⎩

Pi(X) =
i
⋃

k=1

˜RkXk,

Pi(X) = ˜RiX,

where X1 = X and Xk = X −⋃k−1
j=1

˜RjXj, k = 2, 3, · · · , n, i = 1, 2, · · · , n.
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Definition 2. Let P = { ˜R1, ˜R2, · · · , ˜Rn} be a family of fuzzy binary relations
with ˜R1 
 ˜R2 
 · · · 
 ˜Rn and U/D = {Y1, Y2, · · · , Yr}. Lower approximation
and upper approximation of D with respect to Pi are defined as

{

PiD = {Pi(Y1), Pi(Y2), · · · , Pi(Yr)},
PiD = {Pi(Y1), Pi(Y2), · · · , Pi(Yr)}. PiD is also called the positive region of

D with respect to the granulation order Pi, denoted by POSU
Pi

(D) =
⋃r

k=1 PiYk.

Theorem 1. (Recursive expression principle) Let P = { ˜R1, ˜R2, · · · , ˜Rn}
be a family of fuzzy binary relations with ˜R1 
 ˜R2 
 · · · 
 ˜Rn and U/D =
{Y1, Y2, · · · , Yr}. Given Pi = { ˜R1, ˜R2, · · · , ˜Ri}, we have

POSU
Pi+1

(D) = POSU
Pi

(D) ∪ POS
Ui+1
˜Ri+1

(D),

where U1 = U and Ui+1 = U − POSU
Pi

(D).

As Shannon’s information entropy [20] was introduced to search reducts in classi-
cal rough set model. In fact, several authors also have used variants of Shannon’s
entropy to measure uncertainty in rough set theory and construct heuristic algo-
rithm of attribute reduction [1], [3], [11], [12], [19]. Hu, Xie and Yu [6] proposed a
so-called fuzzy information entropy to fuzzy rough set model and used its fuzzy
conditional entropy to design a heuristic feature selection algorithm. This reduc-
tion method remains the fuzzy conditional entropy of target decision unchanged,
denoted by FSCE, in which the fuzzy conditional entropy reads as

H(D|B) = − 1
|U|

|U|
∑

i=1

log
|[xi]R̃B

∩[xi]R̃D
|

|[xi]R̃B
| .

Using the fuzzy conditional entropy, the definitions of the significance mea-
sures are expressed in the following way.

Definition 3. Let S = (U, C ∪D) be a decision table, B ⊆ C and ∀a ∈ C −B.
The significance measure of a in B is defined as

Sig(a, B, D, U) = H(D|B)−H(D|B ∪ {a}).

In a heuristic fuzzy-rough feature selection algorithm, based on the above theo-
rems, one can find an attribute reduct by gradually adding selected attributes.

From the discussion in the previous subsection, we can construct an improved
forward search algorithm based on the forward approximation, which is formu-
lated as follows.

Algorithm 1. A general improved feature selection algorithm based on the
forward approximation (FA)

Input: Decision table S = (U, C ∪D);
Output: One reduct red.
Step 1: red ← Ø, i ← 1, R1 ← red, P1 ← {R1} and U1 ← U ; //red is the

pool to conserve the selected attributes
Step 2: While EF (red, D) �= EF (C, D) Do //This provides a stopping crite-

rion.
{ Compute the positive region of positive approximation POSU

Pi
(D),
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Ui+1 ← U − POSU
Pi

(D),
i← i + 1,
B ← C − red,
Select a0 ∈ B which satisfies Sig(a0, red, D, Ui) = max{Sig(ak, red, D, Ui),

ak ∈ B},
If Sig(a0, red, D, Ui) > 0, then red← red ∪ {a0},
Ri ← Ri ∪ {a0},
Pi ← {R1, R2, · · · , Ri};}

Step 3: Return red and End.

Computing the significance measure of an attribute Siginner(ak, C, D, U) is
one of the key steps in FA, which time complexity is O(|C||U |2). In Step 2, we
begin with the empty set and add an attribute with the maximal significance into
the set in each stage until finding a reduct. This process is called a forward reduc-
tion algorithm whose time complexity is O(

∑|C|
i=1(|C|− i+1)|Ui|2). However, the

time complexity of the original heuristic algorithm is O(
∑|C|

i=1(|C| − i + 1)|U |2).
Obviously, the time complexity of FA is much lower than that of each of classi-
cal heuristic attribute reduction algorithms. Hence, one can draw a conclusion
that the general feature selection algorithm based on the forward approximation
(FA) may significantly reduce the computational time for fuzzy-rough feature
selection.

4 Experimental Analysis

Some heuristic attribute reduction methods have been developed for hybrid data,
cf. [2], [4]-[6], [8]-[10], [22]. The objective of the following experiment is to show
the performance of time reduction of the improved algorithm. The data used in
the experiments are outlined in Table 1, which were all downloaded from UCI
Repository of machine learning databases.

Table 1. Data sets description

Data sets Samples Features Classes
Image Segmentation 2310 19 7

Sonar, mines vs. rocks 208 60 2
Wisconsin diagnostic breast cancer 569 30 2

For numeric data, we normalize the numerical attribute a into the interval
[0, 1] with a

′
= a−amin

amax−amin
. The value of the fuzzy similarity degree rij between

objects xi and xj with respect to numerical attribute a is computed as

rij =
{

1− 4× |xi − xj |, |xi − xj | ≤ 0.25,
0, otherwise.

As rij = rji and rii = 1, 0 ≤ rij ≤ 1, the matrix M = (rij)n×n is a fuzzy
similarity relation.
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Table 2. The time and attribute reduction of the algorithms FSCE and FA-FSCE

FSCE algorithm FA-FSCE algorithm
Data sets Selected features Time (s) Selected features Time (s)

Image Segmentation 17 1258.0468 17 900.5781
Sonar, mines vs. rocks 41 300.5625 41 50.0000

Cancer1 27 228.9218 27 171.8750

(a) (b) (c)

Fig. 1. Times of FSCE and FA-FSCE versus the size of data

From the definition of attribute reduction based on fuzzy rough sets, we know
that the modified attribute reduction algorithm must select an attribute reduct
from original attributes. Therefore, in the following experiment, we only consider
attribute reducts obtained and computational time.

In what follows, we compare FSCE with FA-FSCE on those six real world
data sets shown in Table 1 from computational time and selected feature subsets.
Table 2 presents the comparisons of selected features and computational time
with original algorithm FSCE and the accelerated algorithm FA-FSCE on three
data sets. While Figure 1 gives more detailed change trendline of the algorithms
with size of data set becoming increasing.

From Table 2 and Figure 1, it is easy to see that the modified algorithm is
consistently faster than its original counterpart. Sometimes, the reduced time
can almost achieves five-fifths of the original computational time. For example,
the reduced time achieves 250.5625 seconds on the data set (Sonar, mines vs.
rocks). Furthermore the differences are profoundly larger when the size of the
data set increases. Hence, attribute reduction based on the accelerator should
be a good solution.

5 Conclusions

In this study, a theoretic framework based on fuzzy rough set theory have been
proposed, called the forward approximation, which can be used to accelerate
algorithms of heuristic attribute reduction. Based on this framework, a general
heuristic feature selection algorithm has been presented. A heuristic fuzzy-rough
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attribute reduction algorithm has been revised and modified. Experimental stud-
ies pertaining to three UCI data sets show that the modified algorithm can
significantly reduce computing time of attribute reduction.
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