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Abstract—Cluster ensemble is a very important tool that aggregates several base clusterings to generate a single output clustering

with improved robustness and stability. However, the quality of the final clustering is often affected by uncertainties on the generation

and integration of base clusterings. In this paper, we develop an information-theoretical framework which makes an effort to obtain a

final clustering with high consensus on both the original data set and the base clustering set by minimizing the two uncertainties of

cluster ensemble. In this framework, we provide a weighted consensus measure based on information entropy to evaluate the quality of

a clustering, the similarity between clusters and the similarity between objects. Based on the measure, we propose three weighted

cluster ensemble algorithms with different ensemble strategies in the framework, including the weighted feature consensus algorithm,

the weighted relabeling consensus algorithm and the weighted pairwise-similarity consensus algorithm. In the experimental analysis,

we compare the proposed algorithms with other existing clustering ensemble algorithms on several data sets. The comparison results

illustrate the proposed algorithms are very effective and robust.

Index Terms—Cluster analysis, cluster ensemble, information entropy, consensus function

Ç

1 INTRODUCTION

CLUSTERING is an important problem in statistical multi-
variate analysis, data mining and machine learning [1].

The goal of clustering is to group a set of objects into clus-
ters so that the objects in the same cluster are highly similar
but remarkably dissimilar with objects in other clusters [2].
To tackle this problem, various types of clustering algo-
rithms have been developed in the literature (e.g., [3] and
references therein), including partitional, hierarchical, den-
sity-based and grid-based clustering. However, there is no
single clustering algorithm that is suitable to deal with all
the clustering tasks. Each algorithm has its own strength
and weakness [4], [5], [6], [7], [8]. Given a data set, different
algorithms or the same algorithms with different input
parameters often produce distinct clusterings. Therefore, it
is extremely difficult for users to determine which cluster-
ing would be the proper one.

Recently, cluster ensemble techniques [9], [10] have been
developed to overcome the limitations of a single clustering.
The goal of cluster ensemble is to aggregate several base
clusterings to generate a single output clustering with
improved robustness and stability. It is a type of unsuper-
vised ensemble learning [11]. In contrast to classifier

ensemble, cluster ensemble lacks label information of data
sets. Thus, it is very difficult to recognize the major strength
and weakness of a clustering on a data set [12]. Currently,
different types of cluster ensemble methods have been pro-
posed, according to different scientific needs. Representa-
tive methods include the pairwise-similarity approach, the
graph-based approach, the relabeling-based approach and
the feature-based approach. The detailed review can be
found in Section 2.

Although the existing cluster ensemble methods already
have good theoretical and practical contributions, they still
have some deficiencies which need be improved. We know
the generation and integration of base clusterings are two
major tasks of cluster ensemble. The uncertainties of the
two tasks often affect the quality of the cluster ensemble
result. For the generation of base clusterings, many scholars
have studied the effect of diversity of base clusterings on
cluster ensemble [11], [13]. They suggest to producing base
clusterings with certain differences between each other,
which can enhance the accuracy of cluster ensemble. For the
integration of base clusterings, most of existing algorithms
make an effort to obtain a final clustering with the most con-
sensus on the base clustering set [9], [14], [15], which can
improve the robustness of the clustering result. However, if
a majority of base clusterings cannot effectively reflect the
cluster structure on the original data set, the final clustering
with the most consensus cannot be guaranteed to be good.
Therefore, people need to consider the performance of the
final clustering on both the original data set and the base
clustering set.

In a cluster ensemble problem, each object can be seen to be
embedded in two feature spaces, i.e., the original feature set
and base clustering feature set. Thus, a good final clustering
should have high consensus on both the feature spaces.
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Keeping the consensus of the final clustering on the base clus-
tering feature set is to enhance the robustness of the clustering
result. Keeping the consensus of the final clustering on the
original feature set is to sufficiently reflect the cluster structure
of the original data set. However, most of the existing algo-
rithms rarely consider the clustering consensus on both the
feature spaces. Although some scholars [16], [17], [18]
employed clustering validity indices to measure the qualities
of base clusterings, they do not construct an uniform frame-
work to simultaneously consider the consensus of the final
clustering on the two spaces. To solve this problem, we pro-
vide an information-theoretical framework for cluster ensem-
ble. The goal of the framework is to obtain a final clustering
with high consensus on both the base clustering set and origi-
nal data set byminimizing the uncertainties on the generation
and integration of base clusterings. In this framework, we
employ information entropy to evaluate the two uncertainties
and develop three weighted cluster ensemble approaches
with different ensemble strategies to obtain a clustering result
with high quality.

The outline of the rest of this paper is as follows. Section 2
reviews the related works. Section 3 presents a weighted
consensus measure based on information entropy. Sections 4
proposes an information-theoretical framework for cluster
ensemble. Section 5 demonstrates the performance of the
proposed ensemble algorithms. Section 6 concludes the
paper with some remarks.

2 RELATED WORKS

For cluster ensemble, there are two major research tasks:
1) constructing a generator to produce base clusterings and
2) devising a ensemble strategy to produce a final partition.
They are also two major factors which affect the perfor-
mance of a cluster ensemble method.

In ensemble learning, it is observed that the diversity
among classification results of base classifiers or clusterers,
to some extent, can enhance the performance of the ensem-
ble learner. Currently, several heuristics have been pro-
posed to produce different clusterings on a data set, which
can be classified into three categories:

� Repeatedly run a single clustering algorithm with
different initial sets of parameters to produce base
clusterings [19], [20], [21]. Fred and Jain [19] applied
k-means with the different numbers of clusters to
produce a clustering set. Kuncheva and Vetrov [20]
used k-means with randomly selected different clus-
ter centers. Zhang et al. [21] run the spectral cluster-
ing algorithm with different kernel parameters.

� Run different types of clustering algorithms to pro-
duce base clusterings [10], [22], [23]. Gionis et al. [10]
used several hierarchial clustering and k-means to
produce a clustering set. Law et al. [22] applied mul-
tiple clustering algorithms with different objective
functions as base clusterers and transformed a clus-
tering ensemble problem as a multi-objective optimi-
zation. Yu et al. [23] integrated several types of fuzzy
clusterings.

� Run one or more clustering algorithms on different
subspaces or subsamples from the data set [13], [24],
[25], [26], [27], [28], [29], [30]. Fischer and Buhmann

[24] applied the bootstrap method to obtain several
data subsets. Fern and Brodley [27] used the random
projection method to obtain several feature subspa-
ces. Zhou et al. [13] used different kernel functions
to describe the data. Yang et al. [30] proposed a novel
hybrid sampling method for cluster ensemble by
combining the strengths of boosting and bagging.

According to ensemble strategy, the cluster ensemble
methods can be classified into the following four categories:

� The pairwise-similarity approach that makes use of
co-occurrence relationships between all pairs of data
objects to aggregate multiple clusterings [17], [31],
[32], [33], [34]. Fred and Jain [31] proposed an ensem-
ble algorithm based on evidence accumulation and
constructed a co-association (CO) matrix. Yang et al.
[17] made use of clustering validity functions as
weights to construct a weighted similarity matrix.
Iam-On et al. [32], [33] defined a link-based similar-
ity matrix which sufficiently considers the similarity
between clusters. Yu et al. [34] measured the label
consistency between two objects on different sub-
space clusterings to construct the pairwise-similarity
matrix.

� The graph-based approach that expresses the base
clustering information as an undirected graph and
then derives the ensemble clustering via graph parti-
tioning [9], [35], [36], [37]. Strehl et al. [9] proposed
three hypergraph ensemble algorithms CSPA, HGPA,
and MCLA. CSPA creates a similarity graph, where
vertices represent objects and the weights of edges
represent similarity. HGPA constructs a hypergraph,
where vertices represent objects and the same-
weighted hyperedges represent clusters. MCLA gen-
erates a graph where the vertices represent clusters
and the weights of edges reflect the similarity between
clusters. Fern and Brodley [35] proposed the HBGF
algorithm where vertices represent both objects and
clusters. Huang et al. [36] proposed a graph algorithm
based on random walk to recognize uncertain links in
cluster ensemble.

� The relabeling-based approach that expresses the base
clustering information as label vectors and then aggre-
gates via label alignment [16], [25], [38], [39], [40]. Its
representative methods can be classified into two
types: crisp label correspondence and soft label corre-
spondence. The crisp methods [16], [25], [39] transfer
the relabeling problem into a minimum cost one to-
one assignment problem. Long et al. [40] used an alter-
nating optimization strategy to solve the soft label
alignment problem. Rathore et al. [41] proposed an
efficient fuzzy ensemble framework which uses a
cumulative agreement scheme to align fuzzy clusters.

� The feature-based approach that treats a cluster
ensemble problem as a clustering problem on the
base clustering set [14], [42], [43], [44], [45], [46], [47],
[48]. Cristofor and Simovici [42] integrated the infor-
mation theory and genetic algorithms to search for
the most consensus clustering. Topchy et al. [14] pro-
posed a probabilistic framework and used the EM
algorithm to find the consensus clustering. Nguyen
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et al. [45] made use of the k-modes [46] as the
consensus function for clustering ensemble. Liu and
Wu et al. [47], [48] proposed a k-means-based clus-
tering ensemble algorithm to deal with large-scale
data sets.

In this paper, our study focuses on the ensemble strategy.
We will develop an information-theoretical framework for
cluster ensemble to minimize the uncertainties on the gen-
eration and integration of base clusterings. We know that
cluster analysis is no stranger to information theory [49].
Many entropy-based clustering algorithms have been dev-
eloped, since information theory is an obvious criteria to
establish the clustering rule. For example, Gokcay et al. [50]
proposed the Renyi’s entropy-based clustering algorithm
for discovering non-linearly separable clusters. Karayiannis
et al. [51] proposed the maximum-entropy algorithm for
fuzzy clustering. Some scholars used information entropy
as clustering criteria to cluster categorical data, such as
Coolcat [52] and ACE [53]. The Coolcat algorithm deter-
mines the arrangement of each object by minimizing the
expected entropy. The ACE algorithm applies the incremen-
tal entropy as a merge criterion for hierarchically clustering
categorical data. In [54], we analyzed the relations between
information entropy-based clustering criterion and other
criteria for categorical data. Besides, information entropy is
also used to cluster network data. Rosvall et al. [55] devel-
oped an information-theoretical framework for clustering
network data. In [56], information entropy is used to evalu-
ate the importance of network node and build a new
community description model. According to the above
introduction, we can see that the information theory is a
very good tool for cluster analysis. Therefore, in this paper,
we will discuss how information theory is applied to cluster
ensemble.

3 THE CONSENSUS MEASURE BASED ON

INFORMATION ENTROPY

3.1 The Cluster Ensemble Problem

We first introduce the formulation of a cluster ensemble
problem as follows. Let X ¼ fxigNi¼1 be a set of N objects,
C ¼ fChgTh¼1 be a set of T base clusterings, Ch ¼ fChlgkhl¼1 be
the hth base clustering where kh is its number of clusters
and Chl is its lth cluster, and C� ¼ fC�lgkl¼1 where k is its
number of clusters and C�l is its lth cluster. The cluster
ensemble task is to aggregate T base clusterings of the object
setX to find out the final clustering C�.

The main goal of existing cluster ensemble algorithms
is to obtain the most consensus of the base clusterings.
The more consistent the final clustering is with the base
clusterings, the more robust it is thought to be. However,
the qualities of base clusterings often affect the perfor-
mance of the final clustering. Thus, people also should
consider whether the final clustering can reflect the cluster
structure on the original data set. For a good clustering,
the objects in the same clusters should have high consen-
sus on the features of the original data set. Therefore, we
need to take full account of the relation of the original
data set, its base clustering set and its final clustering as
seen in Fig. 1. In cluster ensemble, the original data set
and the base clustering set can be viewed as the repres-
entations of the object set X on different feature spaces,
respectively. Therefore, in this paper, the quality of a
final clustering is evaluated based on the following two
criteria.

� The final clustering is good when it has high consen-
sus on the base clustering feature set.

� The final clustering is good when it has high consen-
sus on the original feature set.

In this case, the goal of the cluster ensemble task becomes
obtaining a final clustering of the object setX which satisfies
both the criteria.

For the ease of evaluating the above consensus, we for-
mulate the two representations of X as follows. A ¼ fajgMj¼1

is a set of M original features. XðAÞ is a N-by-M matrix that
is the representation of X on A, where XðajÞ is the jth col-
umn, xiðAÞ is the ith row and xiðajÞ is the value of object xi
in feature aj. XðAÞ is called the original data set of X.
L ¼ f�hgTh¼1 is a set of T base clustering features. �h corre-
sponds to the hth base clustering Ch. XðLÞ is a N-by-T
matrix that is the representation of X on L. Xð�hÞ is the hth
column of XðLÞ which represents the hth base clustering.
xiðLÞ is the ith row of XðLÞ which represents the descrip-
tion of the ith object on L. xið�hÞ is the cluster label of object
xi in base clustering feature �h. XðLÞ is called the base clus-
tering set (matrix) of X. Besides, the final clustering C� also
can be represented by Xð��Þ where �� is the final clustering
feature. Given C�, Xð��Þ can be computed as follows. If
xi 2 C�l, then xið��Þ ¼ ��l, where ��l is the cluster label of
C�l for 1 � i � N . Furthermore, we provide Table 1 to sum-
marize the main symbols used in this paper.

In the next sections, we will introduce how information
entropy is used to evaluate the consensus of a clustering on
two feature sets.

3.2 The Basic Concepts of Information Entropy

We give the relative definitions of the information entropy
[49] which is the measure of information and uncertainty of
a random variable.

Let v be a random variable andDðvÞ be its domain which
is a set including all the possible values of the variable. If v
is discrete variable, i.e., DðvÞ ¼ fv1; v2; . . . ; vkg, its informa-
tion entropy (Shannon entropy) is defined as

HðvÞ ¼ �
Xk
i¼1

P ðviÞ logP ðviÞ;

Fig. 1. Relation of the original data set, the base clustering set and the
final clustering in cluster ensemble.
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where P ðviÞ is the probability of the event v ¼ vi. If v is
continuous variable, its information entropy (Continuous
entropy) is defined as

HðvÞ ¼ �
Z

fðvÞ log fðvÞdv;

where fðvÞ is a probability density function of v. The less
the HðvÞ value is, the more certain the value of the variable
is. The conditional entropy quantifies the amount of uncer-
tainty of a random variable, given that the value of another
random variable is known. Let u be a discrete variable and
DðuÞ ¼ fu1; u2; . . . ; uk0 g be its domain. The conditional
entropy of v given u is defined as

HðvjuÞ ¼
Xk0
j¼1

P ðujÞHðvjujÞ;

where if v is discrete, then

HðvjujÞ ¼ �
Xk
i¼1

P ðvijujÞ logP ðvijujÞ;

else

HðvjujÞ ¼ �
Z

fðvjujÞ log fðvjujÞdv:

The information entropy will be used to evaluate the con-
sensus of an object set on a given feature set. The more
objects have the same or similar feature values, the more
certain the feature values of these objects are.

3.3 The Weighted Consensus Measure

In this section, we first introduce how to apply Shannon
entropy to measure the consensus of a cluster on the cluster-
ing feature set L. We consider that each �h is a random vari-
able, for 1 � h � T . �h has a finite possible number of
distinct label values, i.e., Dð�hÞ ¼ f�hlgkhl¼1 where �hl is the
cluster label of Chl. P ð�hlÞ represents the probability of
�h ¼ �hl. Let S be a cluster, where S � X. The �h values of
objects in S can be seen as a sample set of the discrete ran-
dom variable �h. If we estimate P ð�hljSÞ by the relative fre-
quency of the label value �hl in S which is described as

P ð�hljSÞ ¼ jfxijxið�hÞ ¼ �hl; xi 2 Sgj
jSj ; (1)

the information entropy of �h given S can be written as

Hð�hjSÞ ¼ �
Xkj
l¼1

P ð�hljSÞ logP ð�hljSÞ: (2)

We have 0 � Hð�hjSÞ � �log 1
kh
: The more objects in S have

the same labels in the base clustering, the lower the Hð�hjSÞ
value is. Thus, we can use Hð�hjSÞ to evaluate the consen-
sus of cluster S on the clustering feature �h.

Furthermore, we consider L is a set of T random varia-
bles and each �h is independent of each other. The weighted
information entropy of L given S is defined as

HwðLjSÞ ¼
XT
h¼1

whHð�hjSÞ; (3)

where wh is a weight of �h. HwðLjSÞ can be seen as the
weighted sum of the consensus of S on all the base cluster-
ing features. If each wh is equal to 1, HwðLjSÞ becomes the
classical information entropy. In this paper, we assume dif-
ferent base clusterings should play different roles in evalu-
ating the consensus of S. A computing method for the
weight will be discussed in Section 3.4.

Let us consider an example in Table 2 to demonstrate the
performance of HwðLjSÞ. There are seven objects with three
base clusterings. We use the information entropy to evalu-
ate the consensus of clusters S1 ¼ fx1; x2; x3g and S2 ¼
fx1; x2; x4g, respectively. We first assume each weight is
equal to 1.HwðLjS1Þ and HwðLjS2Þ are computed as follows.
HwðLjS1Þ ¼ 0 and HwðLjS2Þ ¼ 0� 2

3 log 2
3 � 1

3 log 1
3 � 2

3 log 2
3�

1
3 log 1

3 � 1:2730:We have HwðLjS1Þ < HwðLjS2Þ. According
to Table 2, we know that the consensus of S1 on L is

TABLE 1
Description of the Main Symbols Used in This Paper

Symbol Description

xi The ith object

X ¼ fxigNi¼1 Set ofN objects

Ch The hth base clustering
C Set of T base clusterings
Chl The lth cluster of Ch

kh The number of clusters in Ch

C� Final clustering
C�l The lth final cluster
k The number of clusters in C�
K ¼ PT

h¼1 kh The number of all the clusters in C

aj The jth original feature
A ¼ fajgMj¼1 Set ofM original features

XðAÞ Original data set (matrix) ofX
XðajÞ The jth column ofXðAÞ
xiðAÞ The ith row ofXðAÞ
xiðajÞ Value of xi in aj
�h The hth base clustering feature

L ¼ f�hgTh¼1 Set of T base clustering features

XðLÞ Base clustering set (matrix) ofX
Xð�hÞ The hth column ofXðLÞ
xiðLÞ The ith row ofXðLÞ
xið�hÞ Cluster label of xi in �h

�hl The cluster label of Chl

�� Final clustering feature
��l The cluster label of C�l
DðvÞ Domain of (feature) variable v
Hð:Þ Information entropy measure
P ð:Þ Probability of an event
fð:Þ Probability density function
S � X Object set or Cluster ofX
S ¼ fSlgpl¼1 Clustering of S where Sl is the lth cluster
wh Importance (weight) of �h

Hwð:Þ Weighted information entropy measure

IwðLjSÞ Weighted consensus of S on L

IðAjChÞ Consensus of Ch on A

kð:; :Þ Gaussian kernel function

fðAÞ Mapped feature set of A
uð:; :Þ Similarity measure between clusters
Cxið�hÞ Cluster which xi belongs to in �h

V ¼ fChlg Set of all the clusters fromXðLÞ
G ¼ fGlgkl¼1 Partition of Vwhere Gl is the lth subset
cð:; :Þ Similarity measure between objects
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obviously better than S2. Thus, the information entropy
measure can be used to evaluate the consensus of a cluster
on the clustering feature set.

Next, we discuss how to apply information entropy to
measure the consensus of a clustering on L. Let S � X be an
object set and S ¼ fSlgpl¼1 be a clustering of S, including p
clusters, where Sl is the lth cluster, for 1 � l � p. According
to the definition of conditional entropy, the weighted infor-
mation entropy of L given S is described as

HwðLjSÞ ¼
Xp
l¼1

P ðSljSÞHwðLjSlÞ; (4)

where P ðSljSÞ is the probability of cluster Sl in S, which can
be estimated by

P ðSljSÞ ¼ jSljPp
l¼1 jSlj : (5)

HwðLjSÞ can be seen as the weighted sum of the consensus
of all the clusters of S. If each of its clusters has high consen-
sus on L, theHwðLjSÞ value is low.

Based on Eqs. (3) and (4), we define the weighted consen-
sus measure of S on L as follows:

IwðLjSÞ ¼ HwðLjSÞ �HwðLjSÞ: (6)

The consensus measure IwðLjSÞ compares the consensus of
the object set S with the overall consensus of all the clusters
of S. It reflects the consensus change of the object set S on L
brought by the clustering S. We think that if S is a good clus-
tering of S, it can enhance the consensus of S on L. There-
fore, the larger IwðLjSÞ is, the higher the consensus of the
clustering on L is.

The consensus measure IwðLjSÞ can be used to evaluate
the quality of the clustering and the similarity between clus-
ters. For example, if S ¼ C is a clustering of X, according to
Eq. (6), we have

IwðLjCÞ ¼ HwðLjXÞ �HwðLjCÞ:
Given X, HwðLjXÞ is constant. The more objects in each
cluster of C have the same label values on L, the lower the
HwðLjCÞ value is. Therefore, a clustering with high consen-
sus on L is thought to have good performance. Besides, if
S ¼ fSi; Sjg is a clustering including two clusters Si and Sj,
according to Eq. (6), we have

IwðLjfSi; SjgÞ ¼ HwðLjSi [ SjÞ �HwðLjfSi; SjgÞ:

Given Si and Sj,HwðLjfSi; SjgÞ is constant. If most of objects
in Si [ Sj have the same label values on L, IwðLjfSi; SjgÞ is
very low. In this case, the two clusters are thought to be sim-
ilar on L.

However, according to the above analysis, we see that
the measure IwðLjSÞ seemly only considers the consensus of
a clustering on L. In order to make the measure IwðLjSÞ
simultaneously evaluate the consensus on both L and A, in
the following, we will propose an importance measure of a
base clustering to evaluate its consensus on A, which will be
used to compute its weight in the measure IwðLjSÞ.

3.4 The Importance Measure of a Base Clustering

In the consensus measure IwðLjSÞ, we need to provide a
weight for each base clustering which may play different
role in the process of cluster ensemble. Therefore, it is a key
issue how to evaluate the importance of a base clustering. In
this paper, the consensus of a base clustering on the original
feature set A is used to reflect its importance. We continue
using the information entropy to evaluate the consensus.
For a cluster S, HðAjSÞ is the information entropy of A
given S. The lower the HðAjSÞ value is, the more objects in
S have the same or similar feature values on A. Therefore,
the consensus of base clustering Ch on A is defined as

IðAjChÞ ¼ HðAjXÞ �HðAjChÞ;
where

HðAjChÞ ¼
Xkh
l¼1

jChlj
N

HðAjChlÞ;

is the conditional entropy of A given Ch. Similarly to the
consensus measure on L, IðAjChÞ reflects the consensus
change of X on A brought by base clustering Ch. If the
IðAjChÞ value of base clustering Ch is large, it is thought to
have high consensus on A.

However, since each feature variable in A maybe not dis-
crete, the computing method for HðAjSÞ is different from
HwðLjSÞ. In order to compute HðAjSÞ, we use continuous
entropy, instead of Shannon entropy. In this case, we need
to determine a probability density function of the original
feature set A. We suggest to using a gaussian density func-
tion, which assumes that each cluster subjects to a gaussian
distribution in a given feature space. Given cluster S, the
gaussian density function of the feature set A is defined as

fðAjSÞ ¼ 1

sS

ffiffiffiffiffiffi
2p

p e
�jjxðAÞ�mS jj2

2s2
S ; (7)

where mS and s2
S are the mean and variance of cluster S on

the feature set A, respectively. However, not all the clusters
on the feature set A satisfy the assumption of the gaussian
distribution. Thus, we use the gaussian kernel k to map the
original feature set A into a new feature set with the gauss-
ian distribution, i.e., f: A ! fðAÞ. fðAÞ is expressed by the
gaussian kernel function which is described as

kðxi; xjÞ ¼ <xiðfðAÞÞ; xjðfðAÞÞ>
¼e

�1
b
jjxiðAÞ�xjðAÞjj2 ;

(8)

TABLE 2
Example about Seven Objects

with Two Clusters

�1 �2 �3

x1 1 1 1
x2 1 1 1
x3 1 1 1
x4 1 2 2
x5 2 2 2
x6 2 2 3
x7 1 2 3
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where the parameter b is set to the standard deviation
of jjxiðAÞ � xjðAÞjj2, 1 � i; j � N .

After the data set is mapped, we use HðfðAÞjSÞ,
instead of HðAjSÞ, to evaluate the importance of a base
clustering. According to the literature [49], HðfðAÞjSÞ can
be computed by

HðfðAÞjSÞ ¼ 1

2
log ð2pes2

SÞ: (9)

Eq. (9) tells us that we only need to compute s2
S , in order to

get HðfðAÞjSÞ. According to the definition of the kernel
function, s2

S can be computed by

s2
S ¼ 1

jSj
X
xi2S

jjxiðfðAÞÞ � mSjj2;

and

jjxiðfðAÞÞ � mSjj2 ¼ 1�
2
P

xj2S kðxi; xjÞ
jSj þ

P
xp;xq2S kðxp; xqÞ

jSj2 :

Based on Eq. (9), the consensus of base clustering Ch on
fðAÞ is defined as

IðfðAÞjChÞ ¼ HðfðAÞjXÞ �HðfðAÞjChÞ

¼ 1

2
log ð2pes2

XÞ �
Xkh
l¼1

jChlj
jXj

1

2
log ð2pes2

Chl
Þ:

(10)

In this paper, we assume that the importance of base clus-
tering Ch is proportional to IðfðAÞjChÞ. Therefore, we define
the importance measure of a base clustering as

wh ¼ e
1
aIðfðAÞjChÞPT

j¼1 e
1
aIðfðAÞjCjÞ

; (11)

where the parameter a is set to the standard deviation of
IðfðAÞjCjÞ, 1 � j � T , which is used to control the sparsity
of these weights. We use the importance measure to com-
pute the weight of each base clustering for the consensus
measure IwðLjSÞ. The weighted consensus measure can
effectively evaluate the consensus of a clustering on both
the original feature set and the base clustering feature set.

4 THE ENSEMBLE ALGORITHMS BASED ON

INFORMATION ENTROPY

In this section, we propose an information-theoretical frame-
work for cluster ensemble. The framework employs the pro-
posed consensus measure to evaluate the quality of a
clustering, the similarity between clusters and the similarity
between objects. Based on the proposedmeasure, we develop
three cluster ensemble algorithms which use different ensem-
ble strategies to find a final clustering with high consensus on
both the original feature set and the base clustering feature
set. Fig. 2 shows the relation of these algorithms. The first
algorithm is a feature-based approach, called the Weighted
Feature Consensus (WFC) algorithm. It views a cluster
ensemble task as clustering on the base clustering matrix and
uses the weighted information entropy as the objective func-
tion to find a good final clustering. The second algorithm is a
relabeling-based approach, called the Weighted Relabeling
Consensus (WRC) algorithm. It employs the proposed con-
sensus measure to compute the similarity between clusters
and determines which clusters represent the same final clus-
ters based on the cluster-similarity matrix. The third algo-
rithm is a pairwise-similarity approach, called the Weighted
Pairwise-similarity Consensus (WPC) algorithm. It computes
the similarity between objects based on the cluster-similarity
matrix obtained by the WRC algorithm and partitions objects
into the final clusters based on the object-similarity matrix. In
the following, wewill introduce these algorithms in detail.

4.1 The Weighted Feature Consensus Algorithm

In the section, we propose a feature-based approach of clus-
ter ensemble based on information entropy. In the approach,
we assume that a good final clustering should have high con-
sensus on both the original feature set and the base clustering
feature set. Therefore, we employ the weighted information
entropy HwðLjC�Þ as the objective function of this approach
and design an optimization model to directly perform the
cluster ensemble task on the base clustering set.

The optimization model of the cluster ensemble is for-
mally described as

min
C�

HwðLjC�Þ: (12)

We know that givenX

max
C�

IwðLjC�Þ ¼ HwðLjXÞ �min
C�

HwðLjC�Þ: (13)

This tells us that minimizing the information entropy
HwðLjC�Þ is equivalent to maximizing the weighted consen-
sus of the final clustering.

Fig. 2. Cluster ensemble framework.
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In order to solve the optimization problem, we use a hier-
archical clustering strategy to find out the final clustering.
Let CðtÞ be the partition ofX produced at the tth merge step.
We first produce an initial partition Cð0Þ where each object
is as a cluster. In this case, HwðLjCð0ÞÞ ¼ 0. Next, we con-
tinuously combine two clusters to obtain a new partition
Cðtþ1Þ. According to the property of the conditional entropy,
we have

HwðLjCðtþ1ÞÞ � HwðLjCðtÞÞ:
This tells us that as the number of clusters decreases, the
consensus of the clustering result decreases. We wish that
the consensus of the clustering result decreases as little as
possible at each merge step. Therefore, given CðtÞ, the opti-
mization problem (12) becomes

min
Cðtþ1Þ

HwðLjCðtÞÞ �HwðLjCðtþ1ÞÞ
h i

¼ min
C
ðtÞ
i

;C
ðtÞ
j

2CðtÞ
IwðLjfCðtÞ

i ; C
ðtÞ
j gÞ: (14)

According to Eq. (14), in each step, we merge the two most
consistent clusters C

ðtÞ
i and C

ðtÞ
j 2 CðtÞ. The merge criterion

is described as

min
C
ðtÞ
i

;C
ðtÞ
j

2CðtÞ
IwðLjfCðtÞ

i ; C
ðtÞ
j gÞ: (15)

When the number of clusters in CðtÞ is equal to k, the merge
step is terminated and C� ¼ CðtÞ.

The feature-based approach is formally described in
Algorithm 1. The basic operation of the algorithm is Ið:; :Þ
whose computing cost is OðKÞ, where K ¼ PT

h¼1 kh. The
computing cost of the hierarchical clustering strategy of the
algorithm is OðN2 logNÞ. Therefore, the time complexity of
the algorithm is OðN2 logNKÞ.

Algorithm 1. The WFC Algorithm

Input:XðAÞ,XðLÞ, k
Output: Xð��Þ
Set t ¼ 0 and produce an initial partition CðtÞ ¼ fCðtÞ

i gNi¼1

where C
ðtÞ
i ¼ fxig; 1 � i � N ;

while jCðtÞj > k do
Select two clusters C

ðtÞ
i and C

ðtÞ
j which satisfy Eq. (15);

C
ðtÞ
i ¼ C

ðtÞ
i [ C

ðtÞ
j ;

Cðtþ1Þ ¼ CðtÞ � C
ðtÞ
j ;

t ¼ tþ 1;
GetXð��Þ corresponding to CðtÞ;
ReturnXð��Þ;

4.2 The Weighted Relabeling Consensus Algorithm

In the section, we propose a relabeling-based approach of
cluster ensemble based on information entropy. It is an
important step for the relabeling-based approaches to com-
pute the similarity between clusters from the same or differ-
ent base clusterings. The similarity is used to determine
whether two clusters from base clusterings represent the
same final cluster. In many relabeling-based approaches [9],
[16], the number of common objects between clusters is

widely used to reflect their similarity. The more the number
of their common objects is, the more similar they are
thought to be. However, if there are few objects which
belong to both them, the measure can not fully reflect their
similarity. Therefore, we employ the proposed consensus
measure to evaluate the similarity between clusters as
follows.

Let V ¼ fChlg, 1 � h � T; 1 � l � kh, be a set of all the
clusters from XðLÞ. For any two clusters Cip; Cjq 2 V, their
similarity is described as

uðCip; CjqÞ ¼ e�
1
gIwðLjfCip;CjqgÞ; (16)

where the parameter g is set to the standard deviation of
IwðLjfCip; CjqgÞ for all the clusters from V. In the measure,
the set of two clusters is seen as a clustering. Their similarity
is inversely proportional to the consensus of the clustering.
The high consensus of the clustering indicates that the two
clusters tend to representing different final clusters.

According to the definition of the similarity, we can
obtain a K 	K cluster-similarity matrix. Based on the simi-
larity matrix, the relabeling problem can be transferred to a
graph mini-cuts problem which is described as follows [7]

min
G

QðGÞ ¼
Xk
l¼1

X
Cip2Gl;Cjq2V�Gl

uðCip; CjqÞ
2
4

3
5; (17)

where G ¼ fGlgkl¼1 is a partition of V and Gl is the lth subset
of V. We wish to obtain such a partition by minimizing the
objective function Q that the clusters in the same subsets
have very high similarity but are very dissimilar with clus-
ters in other subsets. In order to solve the optimization
problem, we apply the spectral clustering (SC) algorithm [8]
with average-linkage to obtain a final partition of V. The
clusters in the same subsets are used to represent the same
final cluster. Therefore, we use the label values of the final
clustering variable �� as the labels of the subsets of G. Based
on G, we relabelXðLÞ as follows:

xið�hÞ ¼ ��l; if Cxið�hÞ 2 Gl; (18)

where Cxið�hÞ is the cluster which xi belongs to in �h, for
1 � i � N and 1 � h � T .

After the base clustering set XðLÞ is relabeled, the opti-
mization problem of cluster ensemble is written as follows:

max
Xð��Þ

EðXð��ÞÞ ¼
XN
i¼1

XT
h¼1

whdðxið�hÞ; xið��ÞÞ
" #

; (19)

where

dðx; yÞ ¼ 1; x ¼ y;
0; x 6¼ y:

�

Maximizing EðXð��ÞÞ aims to finding the most consensus
label of each object. We can maximize the objective function
E by the following equation

xið��Þ ¼ argmax
k

l¼1

XT
h¼1

whdðxið�hÞ; ��lÞ; (20)

for 1 � i � N .
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The relabeling-based approach is formally described in
Algorithm 2. The computing cost of obtaining a cluster-
similarity matrix is OðK3Þ. Relabeling all the clusters needs
OðK2 logKÞ costs. Maximizing the objective function E
needs OðNKÞ costs. Therefore, the time complexity of the
algorithm is OðK3 þK2 logK þNKÞ.

Algorithm 2. The WRC Algorithm

Input:XðAÞ,XðLÞ, k
Output: Xð��Þ
for 8Cip; Cjq 2 V do

Compute uðCip; CjqÞ by Eq. (16);
Get G ¼ argminQðGÞ by the SC algorithm [8] with average-
linkage;
Relabel the base clustering setXðLÞ by Eq. (18);
GetXð��Þ ¼ argmaxEðXð��ÞÞ by Eq. (20);
ReturnXð��Þ;

4.3 The Weighted Pairwise-Similarity Consensus
Algorithm

In the section, we propose a pairwise-similarity approach
of cluster ensemble based on information entropy. Many
pairwise-similarity methods use the simple matching met-
hod to measure the similarity between objects, which is
described as follows:

rðxi; xjÞ ¼
XT
h¼1

dðxið�hÞ; xjð�hÞÞ: (21)

This measure evaluates the similarity between two objects by
using the number of common clusters to which they belong.
However, it does not fully consider the similarity between dif-
ferent clusters to which the objects belong. Let us continue
using the example in Table 2 to show this issue. We compare
the similarity between x3 and x4 with that between x4 and x6,
according to the base clustering feature �3. Based on Eq. (21),
we compute dðx3ð�3Þ; x4ð�3ÞÞ ¼ dðx4ð�3Þ; x6ð�3ÞÞ ¼ 0. We see
that the similarity can not be distinguished, since the clusters
to which objects belong in �3 are different. However,
according to the proposed consensus measure, we have
IwðLjfC31; C32gÞ > IwðLjfC32; C33gÞ. This means that C32 is
more similar with C33 than C31. Thus, we conclude that x4 is
more similar with x6 than x3 from the view of �3.

Therefore, we provide a similarity measure c between
objects to obtain an object-similarity matrix, which is
described as

cðxi; xjÞ ¼ e�
1
tdðxi;xjÞ; (22)

where

dðxi; xjÞ ¼
XT
h¼1

whIwðLjfCxið�hÞ; Cxjð�hÞgÞ: (23)

The parameter t is set to the standard deviation of dðxi; xjÞ
for 1 � i; j � N . According to the definition dð:; :Þ, we see
that object xi is viewed as the cluster set fCxið�hÞgTh¼1. We
evaluate the similarity between two objects by measuring
the similarity between the clusters which they belong to in
each base clustering.

After the object-similarity matrix is obtained, we transfer
the cluster ensemble problem into a graph mini-cuts prob-
lem which is described as follows [7]

min
Xð��Þ

F ðXð��ÞÞ ¼
Xk
l¼1

X
xi2C�l;xj2X�C�l

cðxi; xjÞ
2
4

3
5: (24)

We use the spectral clustering (SC) algorithm [8] with aver-
age-linkage to derive the final solution.

The pairwise-similarity approach is formally described
in Algorithm 3. The computing cost of obtaining an object-
similarity matrix is OðN2KÞ. Minimizing the objective func-
tion F needs OðN2 logNÞ costs. Therefore, the time com-
plexity of the algorithm is OðN2K þN2 logNÞ.

Algorithm 3. The WPC Algorithm

Input:XðAÞ,XðLÞ, k
Output:Xð��Þ
for 1 � h � T do

for 1 � p; q � kh do
Compute IwðLjfChp; ChqgÞ by Eq. (6);

for 1 � i; j � N do
Compute cðxi; xjÞ by Eqs. (22) and (23);

Get Xð��Þ ¼ argminF ðXð��ÞÞ by the SC algorithm [8] with
average-linkage;
ReturnXð��Þ;

5 EXPERIMENTAL ANALYSIS

In this section, we carry out the proposed algorithms on
nine real data sets and evaluate their performance by two
validity criteria.

5.1 Data Sets

The experimental evaluation is conducted on nine real data
sets, including Iris,Wine, Dermatology, Breast cancers, Hand-
written Digits, Landsat Satellite, Spambase, MNIST and
KDDCUP99 from www.ics.uci.edu/mlearn/MLRepository.
html and yann.lecun.com/exdb/mnist/. For KDDCUP99
data set, we selected the first 10,000 records which includes
8,030 normal and 1,970 abnormal connections to test the per-
formance of different algorithms. Table 3 shows the details of
these data sets.

5.2 Evaluation Criteria

We employ the two widely-used external criteria to mea-
sure the similarity between the clustering result and the

TABLE 3
The Description of Data Sets: Number of Data Objects (N),

Number of Attributes (M), Number of Clusters (k)

Data set N M k

Iris 150 4 3
Wine 178 13 3
Dermatology 336 20 6
Breast cancers 699 9 2
Handwritten Digits 5,620 63 10
Landsat Satellite 6,435 36 7
Spambase 4,601 20 2
MNIST 10,000 784 10
KDDCUP99 10,000 41 2
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true partition on a data set. Given a data set X and two par-
titions of these objects, namely C ¼ fC1; C2; . . . ; Ckg (the
clustering result) and P ¼ fP1; P2; . . . ; Pk

0 g (the true parti-
tion), the overlappings between C and P can be summa-
rized in a contingency table (Table 4) where nij denotes
the number of common objects of groups Ci and Pj:
nij ¼ jCi \ Pjj.

The adjusted rand index [57] is defined as

ARI ¼
P

ij
nij
2

� �
� ½Pi

bi
2

� �P
j

dj
2

� �

= n

2

� �
1
2 ½
P

i
bi
2

� �þP
j

dj
2

� �

 � ½Pi

bi
2

� �P
j

dj
2

� �

= n

2

� � ;
where nij; bi; dj are values from Table 4. The normalized
mutual information (NMI) [58] is defined as

NMI ¼
2
P

i

P
j nij log

nijn

bidj

�P
i bi log

bi
n �P

j dj log
dj
n

:

If the partition result is close to the true partition, then their
values are high.

5.3 Compared Algorithms

The WFC, WRC and WPC algorithms are different types of
cluster ensemble. Therefore, in order to properly examine
the performance of these algorithms, we compare them
with different algorithms, respectively.

� The WFC algorithm is a kind of feature-based algo-
rithms. We compare it with other three feature-
based algorithms including the expectation maxi-
mization (EM) algorithm [14], the iterative voting
consensus (IVC) algorithm [45] and the weighted
k-means-based consensus clustering (WKCC)
algorithm [47]. Besides, we also compare the WFC
algorithm with the average results of the gener-
ated base clusterings.

� TheWRC algorithm is a kind of cluster-similarity algo-
rithms. We compare it with other four algorithms
with different cluster-similarity matrices, including
the MCLA algorithm [9], the selectively voting (SV)
algorithm [16], the selectively weighted voting
(SWV) algorithm [16], and the probability trajectory
based graph partitioning (PTGP) algorithm [36].

� The WPC algorithm is a kind of object-similarity algo-
rithms. We compare it with other four algorithms
with different object-similarity matrices, including
the CSPA algorithm [9], the HGPA algorithm [9], the
WCT algorithm with the average-link (AL) [32], and
the weighed cluster ensemble (WCE) algorithm [17].

The matlab codes of these compared algorithms, except
the EM and IVC algorithms, were provided by their
authors. We produced the matlab codes of the EM and IVC

TABLE 4
Notation for the Contingency Table for

Comparing Two Partitions

CnP P1 P2 � � � Pk
0 Sums

C1 n11 n12 � � � n1k
0 b1

C2 n21 n22 � � � n2k
0 b2

..

. ..
. ..

. . .
. ..

. ..
.

Ck nk1 nk2 � � � nkk
0 bk

Sums d1 d2 � � � dk0

TABLE 5
Comparisons of Different Feature-Based Approaches on Mixed Clusterings

Data Set Base clusterings EM IVC WKCC WFC

ARI NMI ARI NMI ARI NMI ARI NMI ARI NMI

Iris 0.6798 0.7140 0.6821 0.7156 0.6067 0.7033 0.5843 0.6864 0.7163 0.7419
Wine 0.8570 0.8380 0.7955 0.8098 0.6701 0.7328 0.6159 0.6656 0.9149 0.8926
Dermatology 0.6722 0.8236 0.7035 0.8380 0.6669 0.8018 0.6375 0.7914 0.9190 0.9308
Breast cancers 0.6575 0.5614 0.7003 0.5950 0.5213 0.4397 0.4308 0.3754 0.7667 0.6466
Digits 0.6134 0.7185 0.6449 0.7438 0.5877 0.7119 0.5708 0.7112 0.7028 0.7761
Statlog 0.5224 0.6049 0.5205 0.6079 0.5163 0.6022 0.5071 0.5932 0.5344 0.6202
Spambase 0.2298 0.1738 0.2983 0.2188 0.2346 0.1737 0.1534 0.1118 0.3569 0.2601
MNIST 0.3555 0.4917 0.3839 0.5024 0.3906 0.5055 0.3854 0.5078 0.4090 0.5246
KDDCUP99 0.4115 0.3613 0.4517 0.4074 0.3112 0.2806 0.2409 0.2173 0.5019 0.4527

TABLE 6
Comparisons of Approaches Based on Different Cluster-Similarity Matrices on Mixed Clusterings

Data Set MCLA SV SWV PTGP WRC

ARI NMI ARI NMI ARI NMI ARI NMI ARI NMI

Iris 0.7028 0.7277 0.4692 0.5217 0.5645 0.6822 0.6761 0.6945 0.7163 0.7419
Wine 0.8837 0.8650 0.7401 0.7246 0.7549 0.7352 0.8488 0.8342 0.9325 0.9120
Dermatology 0.7114 0.8761 0.1956 0.4872 0.3878 0.6365 0.5476 0.7363 0.8706 0.9348
Breast cancers 0.7667 0.6466 0.0128 0.0078 0.0128 0.0078 0.7696 0.6563 0.7872 0.6721
Digits 0.7107 0.7735 0.2461 0.2958 0.3793 0.4928 0.7214 0.7786 0.7377 0.7932
Statlog 0.5129 0.5742 0.2172 0.1895 0.4597 0.4592 0.5403 0.5948 0.5324 0.6095
Spambase 0.3569 0.2601 �0.0048 0.0101 �0.0048 0.0101 0.0053 0.0270 0.3569 0.2601
MNIST 0.4015 0.5113 0.1930 0.2425 0.1705 0.2611 0.4474 0.5383 0.4552 0.5632
KDDCUP99 0.5019 0.4527 0.0001 0.0002 0.0001 0.0002 0.2949 0.2439 0.5019 0.4527
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algorithms, according to their descriptions in the papers
[14], [45]. The environment of experimental comparisons
is Matlab R2016b and a PC with an Intel i7-4710MQ and
16 GB RAM.

5.4 Experimental Settings

To ensure that the comparisons are in an uniform environ-
mental condition, we set that the number of clusters kh in

each base clustering is equal to the number of known classes
on each of the given data sets.

Furthermore, we consider two schemes for the genera-
tion of base clusterings as follows.

� In the first scheme, we select four classical algo-
rithms including the k-means [4], kernel k-means [5],
non-negative matrix factorization [6] with k-means,

TABLE 7
Comparisons of Approaches Based on Different Object-Similarity Matrices on Mixed Clusterings

Data Set CSPA HGPA WCT-AL WCE WPC

ARI NMI ARI NMI ARI NMI ARI NMI ARI NMI

Iris 0.7415 0.7437 0.2532 0.2779 0.7163 0.7419 0.6898 0.7151 0.7707 0.7657
Wine 0.7943 0.7859 0.3934 0.4980 0.8837 0.8650 0.9149 0.8926 0.9149 0.8926
Dermatology 0.6477 0.7569 0.5781 0.7271 0.8654 0.9302 0.8610 0.9249 0.9293 0.9323
Breast cancers 0.4155 0.4070 �0.0011 0.0001 0.7563 0.6341 0.7718 0.6528 0.7872 0.6721
Digits 0.6814 0.7399 0.2831 0.3976 0.6302 0.7456 0.6314 0.7446 0.7153 0.7922
Statlog 0.4517 0.5716 0.2630 0.3861 0.5277 0.6140 0.5253 0.6095 0.5546 0.6449
Spambase 0.3710 0.3136 �0.0002 0.0000 �0.0048 0.0101 0.3569 0.2601 0.3710 0.3136
MNIST 0.4050 0.4986 0.0001 0.0021 0.4144 0.5403 0.3850 0.5061 0.4248 0.5454
KDDCUP99 0.1520 0.2592 �0.0001 0.0000 0.5019 0.4527 0.4521 0.3956 0.5019 0.4527

TABLE 8
Comparisons of Different Feature-Based Approaches on k-Means Clusterings

Data Set Rate Base clusterings EM IVC WKCC WFC

ARI NMI ARI NMI ARI NMI ARI NMI ARI NMI

Iris 50% 0.5726 0.6646 0.5121 0.6002 0.5662 0.6568 0.4963 0.6017 0.7163 0.7419
40% 0.5439 0.6492 0.4743 0.5875 0.4627 0.5589 0.5146 0.6074 0.7163 0.7419
30% 0.5152 0.6337 0.4951 0.5972 0.5642 0.6261 0.4731 0.5429 0.7163 0.7419

Wine 50% 0.8594 0.8451 0.7864 0.7976 0.6568 0.7222 0.6347 0.7059 0.8685 0.8529
40% 0.8572 0.8432 0.7538 0.7786 0.6194 0.6860 0.5144 0.5779 0.8992 0.8782
30% 0.8535 0.8401 0.7134 0.7535 0.6620 0.7162 0.5485 0.6052 0.8992 0.8782

Dermatology 50% 0.6561 0.8181 0.6882 0.8324 0.7067 0.8296 0.5848 0.7666 0.9293 0.9323
40% 0.6098 0.7968 0.6023 0.7994 0.5392 0.7497 0.6230 0.7896 0.9293 0.9323
30% 0.5969 0.7905 0.5648 0.7677 0.7726 0.8576 0.5581 0.7557 0.9293 0.9323

Breast cancers 50% 0.3562 0.3373 0.7577 0.6508 0.4139 0.3914 0.5500 0.4723 0.7815 0.6650
40% 0.2881 0.2882 0.5381 0.4772 0.3795 0.3445 0.4844 0.4449 0.7815 0.6650
30% 0.2205 0.2345 0.2781 0.2553 0.3116 0.2974 0.4973 0.4655 0.7815 0.6650

Digits 50% 0.6496 0.7482 0.6437 0.7449 0.6037 0.7206 0.5248 0.6853 0.7826 0.8128
40% 0.6396 0.7445 0.6255 0.7318 0.4906 0.6728 0.4950 0.6745 0.7631 0.7831
30% 0.6277 0.7392 0.6094 0.7248 0.5508 0.6988 0.4945 0.6668 0.7533 0.8037

Statlog 50% 0.5452 0.6220 0.4683 0.5517 0.4538 0.5404 0.4579 0.5489 0.5700 0.6318
40% 0.5404 0.6200 0.4967 0.5675 0.3975 0.5228 0.4032 0.5258 0.5700 0.6318
30% 0.5372 0.6188 0.4910 0.5709 0.3990 0.5102 0.4046 0.5299 0.5700 0.6318

Spambase 50% 0.1760 0.1368 0.3205 0.2336 0.2143 0.1576 0.1570 0.1144 0.3580 0.2610
40% 0.1398 0.1117 0.1771 0.1346 0.1774 0.1340 0.1570 0.1144 0.3580 0.2610
30% 0.1035 0.0866 0.2446 0.1808 0.2864 0.2088 0.1781 0.1309 0.3580 0.2610

MNIST 50% 0.3751 0.4983 0.3606 0.4857 0.3767 0.4931 0.3593 0.4864 0.4003 0.5212
40% 0.3708 0.4975 0.3629 0.4891 0.3683 0.4846 0.3435 0.4811 0.3982 0.5199
30% 0.3696 0.4970 0.3662 0.4896 0.3729 0.4863 0.3482 0.4847 0.3974 0.5159

KDDCUP99 50% 0.2996 0.2761 0.4373 0.3959 0.2509 0.2263 0.2511 0.2263 0.5019 0.4527
40% 0.2717 0.2517 0.3919 0.3518 0.3312 0.2988 0.2514 0.2264 0.5019 0.4527
30% 0.2349 0.2196 0.3899 0.3512 0.3413 0.3078 0.2113 0.1901 0.5019 0.4527

Mean 0.4744 0.5337 0.5018 0.5519 0.4544 0.5148 0.4265 0.4971 0.6568 0.6526

Std 0.2173 0.2535 0.1635 0.2036 0.1553 0.2107 0.1439 0.2043 0.2001 0.2058
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spectral clustering [8] with k-means to produce
base clusterings on a data set. For a data set, a base
clustering set includes 20 clusterings, every five
of which are produced by one of the selected algo-
rithms with 5 different initial sets of cluster centers.
In order to test the performance of clustering ensem-
ble algorithms, we compare their the average results
of cluster ensemble on 50 base clustering sets of
each data set.

� In the second scheme, k-means is used as a genera-
tor of base clusterings. On each data set, we run
k-means 100 times and select three groups, each of
which includes 20 base clusterings. In order to test
the robustness of algorithms on a data set, we com-
pute the average ARI and NMI values of 100 clus-
tering results and set that 50, 40 and 30 percents of
the selected base clusterings have the higher ARI
and NMI values than the average values. The
scheme is used to test the robustness of different
ensemble algorithms on the qualities of base clus-
terings. We compare their average results of clus-
ter ensemble on 50 base clustering sets of each
data set.

5.5 Experimental Results

Based on the validity criteria ARI and NMI, we evaluate the
performance of different cluster ensemble algorithms on
each of real data sets.

We first compare the performance of different algorithms
on the first scheme. Table 5 shows the comparison of the
WFC algorithm with the average results of base clusterings,
the EM, IVC and WKCC algorithms. According to the table,
we see that the ARI and NMI values of the WFC algorihm
are obviously higher than other algorithms and the average
results of base clusterings on the given data sets. The experi-
mental results tell us that the proposed algorithm can
improve the performance of the base clusterings, compared
to other algorithms. Table 6 shows the comparison of the
WRC algorithm with the MCLA, SV, SWV and PTGP algo-
rithms. We see that the WRC algorithm has the same perfor-
mance as the MCLA algorithm on Spamebase and
KDDCUP99 data sets. On other data sets, the ensemble
accuracies of the WRC algorithm are superior to other algo-
rithms. Table 7 shows the comparison of the WPC algorithm
with the CSPA, HGPA, WCT and WCE algorithms. We see
that the ensemble results of the WPC algorithm can obtain
the highest ARI and NMI values on the tested data sets.

TABLE 9
Comparisons of Approaches Based on Different Cluster-Similarity Matrices on k-Means Clusterings

Data Set Rate MCLA SV SWV PTGP WRC

ARI NMI ARI NMI ARI NMI ARI NMI ARI NMI

Iris 50% 0.7163 0.7419 0.4290 0.5874 0.4290 0.5874 0.4499 0.5794 0.7163 0.7419
40% 0.7163 0.7419 0.4290 0.5874 0.4290 0.5874 0.5504 0.5931 0.7163 0.7419
30% 0.7163 0.7419 0.7163 0.7419 0.7163 0.7419 0.5272 0.5820 0.7163 0.7419

Wine 50% 0.8685 0.8529 0.8685 0.8529 0.8685 0.8529 0.7995 0.8164 0.8685 0.8529
40% 0.8471 0.8347 0.8685 0.8529 0.8685 0.8529 0.8210 0.8416 0.8992 0.8782
30% 0.8471 0.8347 0.8685 0.8529 0.8685 0.8529 0.7255 0.7372 0.8992 0.8782

Dermatology 50% 0.7132 0.8765 0.2669 0.5350 0.4449 0.6795 0.4717 0.6727 0.9293 0.9323
40% 0.7112 0.8761 0.1038 0.1188 0.3207 0.5797 0.3788 0.6208 0.8706 0.9348
30% 0.7157 0.8771 0.0396 0.3292 0.2360 0.5244 0.4016 0.6333 0.8706 0.9348

Breast cancers 50% 0.7553 0.6464 �0.0212 0.0075 �0.0341 0.0220 0.7220 0.6012 0.7863 0.6767
40% 0.5793 0.4718 �0.0173 0.0034 �0.0247 0.0332 0.5999 0.4984 0.7863 0.6767
30% 0.3550 0.3142 �0.0383 0.0549 �0.0151 0.0129 0.5016 0.4463 0.7866 0.6716

Digits 50% 0.6957 0.7620 0.1323 0.4043 0.5321 0.6516 0.6558 0.7391 0.7471 0.7974
40% 0.6916 0.7585 0.0311 0.1462 0.4825 0.6322 0.6330 0.7250 0.6915 0.7601
30% 0.6869 0.7523 0.2663 0.5448 0.4583 0.6649 0.6209 0.7144 0.6520 0.7584

Statlog 50% 0.5700 0.6318 0.5951 0.6139 0.4442 0.5592 0.4852 0.5582 0.5700 0.6318
40% 0.5208 0.6093 0.4300 0.5202 0.5125 0.6226 0.4704 0.5540 0.5700 0.6318
30% 0.5222 0.6111 0.5184 0.5928 0.4823 0.5714 0.4539 0.5445 0.5700 0.6318

Spambase 50% 0.3580 0.2610 �0.0048 0.0101 �0.0048 0.0101 0.0989 0.0759 0.3580 0.2610
40% 0.0320 0.0804 �0.0048 0.0101 �0.0048 0.0101 0.1669 0.2265 0.3580 0.2610
30% �0.0048 0.0101 �0.0159 0.0346 �0.0159 0.0346 0.1340 0.1752 0.3580 0.2610

MNIST 50% 0.3874 0.5002 0.1343 0.1912 0.2566 0.3803 0.4124 0.5159 0.4218 0.5293
40% 0.3877 0.5045 0.1062 0.1424 0.1938 0.2944 0.4000 0.5108 0.4212 0.5282
30% 0.3823 0.5003 0.1331 0.1665 0.2159 0.3409 0.3982 0.5113 0.4128 0.5200

KDDCUP99 50% 0.5019 0.4527 �0.0191 0.0075 �0.0157 0.0087 0.4766 0.3832 0.5019 0.4527
40% 0.5019 0.4527 �0.0191 0.0075 �0.0157 0.0087 0.4226 0.3440 0.5019 0.4527
30% �0.0195 0.0077 �0.0191 0.0075 �0.0157 0.0087 0.4260 0.3435 0.5019 0.4527

Mean 0.5252 0.5817 0.2510 0.3305 0.3190 0.4121 0.4890 0.5387 0.6475 0.6515

Std 0.2579 0.2622 0.3085 0.3071 0.2990 0.3135 0.1793 0.1876 0.1890 0.2036
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Therefore, according to these tables, we conclude that the
proposed entropy-based framework can further enhance
the accuracy of cluster ensemble.

Next, we test different algorithms on the second scheme.
Table 8 shows the comparison of the WFC algorithm with
the average results of the base clusterings produced by
k-means, the EM, IVC and WKCC algorithms. The compari-
son results illustrate that the performance of the WFC algo-
rithm is obviously better than other algorithms and the
average results of base clusterings. Table 9 shows the com-
parison of the WRC algorithm with the MCLA, SV, SWV
and PTGP algorithms. The WRC algorithm has the best per-
formance on these given data sets, except Statlog. Table 10
illustrates the comparison of the WPC algorithm with the
CSPA, HGPA, WCT and WCE algorithms. The ensemble
results of the WPC algorithm for ARI and NMI are superior
to other algorithms on these data sets, except Spambase.
Besides, these tables show the mean and standard deviation
of each algorithm for ARI and NMI on all the data sets. The
proposed algorithms have high means in the tables, com-
pared to other algorithms. The standard deviations of the
proposed algorithms for the ARI and NMI measures are not
the lowest values of the compared algorithms. However, we

can see that their standard deviations are lower than 0.21,
which indicates that the proposed algorithms are very sta-
ble on these given data sets. Furthermore, we can see the
effect of the quality of base clusterings on the performance
of the proposed algorithms on each data set, according to
Tables 8, 9 and 10. These tables show that as the number of
base clusterings with higher ARI and NMI values decreases,
the performance of the proposed algorithms is little
changed. This tells us that the proposed algorithms have
good robustness for different qualities of base clusterings.

According to the above experiment analysis, we con-
clude that keeping consensus of a final clustering on both
the original feature set and the base clustering feature set
can improve the quality and robustness of the clustering
result.

6 CONCLUSIONS

We developed an information-theoretic framework for clus-
ter ensemble. The information entropy is used to define a
weighted consensus measure which can reflect the consen-
sus of a clustering on both the original feature set and the
clustering feature set. The framework includes the weighted

TABLE 10
Comparisons of Approaches Based on Different Object-Similarity Matrices on k-Means Clusterings

Data Set Rate CSPA HGPA WCT-AL WCE WPC

ARI NMI ARI NMI ARI NMI ARI NMI ARI NMI

Iris 50% 0.6756 0.6963 0.4489 0.5217 0.5609 0.7098 0.5525 0.6537 0.7163 0.7419
40% 0.6005 0.6461 0.4379 0.5114 0.5609 0.7098 0.5525 0.6537 0.7163 0.7419
30% 0.6005 0.6461 0.4755 0.5483 0.4290 0.5874 0.4290 0.5874 0.7163 0.7419

Wine 50% 0.7808 0.7867 0.3918 0.4251 0.4667 0.6118 0.8471 0.8347 0.9149 0.8926
40% 0.7808 0.7867 0.1024 0.1800 0.8471 0.8347 0.8471 0.8347 0.9149 0.8926
30% 0.7808 0.7771 0.0938 0.1518 0.8471 0.8347 0.8471 0.8347 0.9149 0.8926

Dermatology 50% 0.6557 0.7753 0.5337 0.6783 0.8654 0.9302 0.5806 0.7583 0.9293 0.9323
40% 0.6294 0.7484 0.5439 0.6371 0.8654 0.9302 0.5806 0.7583 0.8654 0.9302
30% 0.6557 0.7753 0.3919 0.6055 0.8654 0.9302 0.5806 0.7583 0.8654 0.9302

Breast cancers 50% 0.3516 0.3308 �0.0011 0.0001 0.6698 0.5750 0.6698 0.5750 0.7863 0.6767
40% 0.3516 0.3308 �0.0011 0.0001 0.6698 0.5750 0.7815 0.6650 0.7863 0.6767
30% 0.3315 0.3086 �0.0011 0.0001 0.7813 0.6679 0.7765 0.6538 0.7863 0.6767

Digits 50% 0.6552 0.7181 0.3592 0.4800 0.6142 0.7325 0.6452 0.7496 0.6917 0.7733
40% 0.6809 0.7364 0.2159 0.3220 0.6101 0.7271 0.6112 0.7281 0.6880 0.7721
30% 0.6841 0.7396 0.4422 0.5721 0.6106 0.7280 0.6092 0.7258 0.6938 0.7730

Statlog 50% 0.4107 0.5155 0.5016 0.5606 0.5252 0.6144 0.5179 0.6012 0.5700 0.6318
40% 0.4065 0.5076 0.3924 0.4604 0.5230 0.6110 0.5249 0.6120 0.5700 0.6318
30% 0.4001 0.4931 0.3942 0.4607 0.5298 0.6161 0.5269 0.6140 0.5700 0.6318

Spambase 50% 0.3710 0.3136 �0.0002 0.0000 �0.0048 0.0101 0.3470 0.2556 0.3580 0.2610
40% 0.3795 0.3218 �0.0002 0.0000 �0.0048 0.0101 �0.0048 0.0101 0.3580 0.2610
30% 0.3942 0.4607 �0.0002 0.0000 �0.0048 0.0101 �0.0048 0.0101 0.3580 0.2610

MNIST 50% 0.3595 0.4635 0.0001 0.0021 0.4050 0.5236 0.3850 0.5061 0.4042 0.5147
40% 0.3261 0.4527 0.0001 0.0021 0.3851 0.5042 0.3582 0.4898 0.4039 0.5137
30% 0.3508 0.4638 0.0001 0.0021 0.3887 0.5115 0.3454 0.4704 0.3938 0.5123

KDDCUP99 50% 0.0000 0.0000 �0.0001 0.0000 �0.0187 0.0073 0.3167 0.2641 0.5019 0.4527
40% 0.0000 0.0000 �0.0001 0.0000 �0.0187 0.0073 0.2935 0.2574 0.5019 0.4527
30% 0.0000 0.0000 �0.0001 0.0000 �0.0044 0.0001 �0.0187 0.0073 0.5019 0.4527

Mean 0.4672 0.5109 0.2119 0.2638 0.4802 0.5374 0.4999 0.5507 0.6473 0.6527

Std 0.2302 0.2489 0.2189 0.2649 0.3046 0.3127 0.2448 0.2540 0.1944 0.2069
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feature consensus WFC, weighted relabeling consensus
WRC and weighted pairwise-similarity consensus WPC
algorithms. These algorithms use different strategies based
on the proposed consensus measure to discover a high-
quality final clustering. In the experimental analysis, we
compared them with other cluster ensemble algorithms on
nine real data sets. The comparison results have shown that
the proposed algorithms are very effective and stable, com-
pared to other algorithms.
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