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Dear editor,
Training a logistic regression classifier is equivalent
to solving a convex optimization problem, which is
frequently solved with gradient descent (GD). As
the gradient is computed using all the data, using GD is very time-consuming when the dataset
is large [1, 2]. To accelerate the GD algorithm,
stochastic gradient descent (SGD) estimates the
gradient using only one training data point, which
can substantially reduce the amount of computation for large datasets [3]. However, SGD does not
guarantee that the estimated gradient is a descent
direction of the objective function, so many iterations are needed to obtain the final solution [4].
An alternative approach is mini-batch gradient
descent (MGD), which estimates the gradient by
sampling some of the training data. This method
can reduce the variance of the estimated gradient, has more stable convergence, and is able to
yield a more accurate solution to the optimization
problem [5]. However, choosing the sample size
for different kinds of objective functions remains
a difficult problem. In this study, we propose a
strategy of sampling on-demand to speed up the
logistic regression algorithm [7]. The accelerator
generates a random sample set by sampling iteratively until all components of the estimated gradient satisfy a specified stopping criteria. At each
iteration, the accelerator only computes the components that did not satisfy the stopping criteria at
the previous iteration. We prove that the estimat-

ed gradient is a descent direction for the objective
function with a sufficiently large probability.
Problem formulation and optimization. Let
T S = {(x1 , y1 ), (x2 , y2 ), · · · , (xN , yN )} be a
training dataset, where each instance xi =
(xi1 , xi2 , · · · , xim )⊤ is a vector of m attributes,
yi ∈ {0, 1} is the label for xi , and N is the number of instances. For the given dataset T S, the
main task in training a logistic regression classifier
is solving the optimization problem min J(ω),
ω∈Rm+1

where J(ω) = − N1

N
P

{yi ω ⊤ zi −ln(1+exp(ω ⊤ zi ))},

i=1

zi = (zi,1 , zi,2 , · · · , zi,m+1 )⊤ = (1, xi1 , · · · , xim ).
The GD algorithm is the most commonly used
algorithm for solving the above optimization
problem. The step-size is proportional to the
negative of the gradient of the objective function at each iteration. Let ω k be the weight
vector obtained by the GD algorithm at the
kth iteration. The current gradient ∇J(ω k ) =
(∇J1 (ω k ), ∇J2 (ω k ), · · · , ∇Jm+1 (ω k )) is computed
N
N
P
P
∇l1 (ω k , zi , yi ), · · · , N1
∇lm+1 (ω k , zi , yi )),
as ( N1
i=1

k

i=1
⊤
exp(ω k zi )
−( 1+exp(ωk ⊤ z )
i

where ∇lj (ω , zi , yi ) =
− yi )zi,j ,
j = 1, 2, · · · , m + 1. Furthermore, the solution ω ∗
obtained by GD is a globally optimal solution as
the objective function J(ω) is a convex function
of ω. However, computing the gradient is very
time-consuming when the dataset is large. To
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if

m+1
P

∇Jj (ω; S)∇Jj (ω) >

j=1

m+1
P

(1 − ε)(∇Jj (ω))2 .

j=1

This means that inequality (1) always holds when
Jj (ω; S) and Jj (ω) satisfy the inequality
∇Jj (ω; S)∇Jj (ω) > (1 − ε)(∇Jj (ω))2

(2)

for all j = 1, 2, · · · , m + 1. That is, the problem
of obtaining a vector that satisfies the inequality
(1) can be transformed into the problem of finding m + 1 components ∇Jj (ω; S) that satisfy inequality (2). Because each component ∇Jj (ω) of
the vector ∇J(ω) is unknown before sampling, inequality (2) cannot be used as a stopping criteria
in our method. However, the value of |∇Jj (ω)| is
fixed for a given weight vector ω, and can be approximated by a strictly decreasing function αtj =
p
dj ln((m + 1)ts(ts + s)/δ)/(2st) in the number
of samples t, where s is a fixed integer, δ ∈ (0, 0.5),
and dj = max{bj − aj , −2aj , 2bj }, aj = min zi,j ,
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mitigate this deficiency, we propose an accelerated
logistic regression algorithm based on sampling
on-demand (LR-SOD).
Our approach. The LR-SOD algorithm is a type
of MGD algorithm. At each iteration, it first
randomly generates a subset the dataset T , and
b
then obtains an estimate ∇J(ω)
of the gradient
∇J(ω) from this subset and updates the current weight vector ω using ∇Jb(ω) instead of ∇J(ω).
We note that the number of iterations required
to achieve convergence is closely related to the
b
b
estimate ∇J(ω).
If −∇J(ω)
does not ensure a
sufficient descent in J(ω) at every iteration, then
the number of iterations can be large. Therefore,
we provide a rule for obtaining a good estimate
b
b
∇J(ω).
Naturally, we would like ∇J(ω)
to be close
to ∇J(ω) in some sense. Thus we use the following
inequality:
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∇J(ω)

(1)
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where ε ∈ [0, 1/2], and ||∇J(ω)||2 is the 2-norm of
the vector ∇J(ω). It is easily proved that the vector ∇Jb(ω) is a descent direction for the function
J(ω), as long as it satisfies inequality (1) [6]. Moreb
over, the objective function J(ω)
is convex, so the
LR-SOD algorithm is able to obtain the globally
optimal solution.
To find a vector ∇Jb(ω) that satisfies inequality (1), we propose a new sampling algorithm. For convenience of expression, each element (xi , yi ) ∈ T S is enlarged to (zi , yi ) for i =
1, 2, · · · , N , from which we obtain the new set
T = {(z1 , y1 ), (z2 , y2 ), · · · , (zN , yN )}. Although
simple random sampling is the simplest way to
achieve a sample, it requires a pre-determined
sample size. Instead of pre-determining the sample size, our algorithm samples points sequentially
from T into S until the value of a function defined
on S meets a stopping condition. The stopping
condition plays an important role in this adaptive
sampling. In the following, we introduce a process
for constructing a stopping condition that satisfies
inequality (1).
The vector ∇J(ω; S) is an estimate of the gradient ∇J(ω),
P and each component ∇Jj (ω; S) =
(1/|S|)
lj (ω, zi , yi ) is an estimate of
(zi ,yi )∈S

∇Jj (ω), j = 1, 2, · · · , m+1. Thus determining the
size of the subset S to guarantee that ∇J(ω; S)
satisfies the inequality (1) is a multidimensional
estimation problem. To deal with this problem,
we first divide the multidimensional problem into m + 1 one-dimensional subproblems and solve
each subproblem. Using the definitions of the inner product and the norm, inequality (1) holds

16i6N

bj = max zi,j for j = 1, 2, · · · , m + 1. As the LR16i6N

SOD algorithm requires multiple iterations to sample from T into S, repeatedly computing ∇J(ω; S)
and checking whether each component satisfies
the stopping condition can take a long time. To
address this issue, we make three improvements.
First, we sample in batches instead of one at a
time. For example, we sample s points in each iteration rather than one point, where s is a positive
integer. Moreover, the change in αtj is proportional to the value of s according to the definition.
Therefore, this operation also causes the components of ∇J(ω; S) to reach their stopping condition
more quickly. Second, we compute ∇J(ω; Set ) =
P
1/|Set |(|Set−1 |∇J(ω; Set−1 ) +
l(ω, zi , yi )) for
(zi ,yi )∈St

the subsets Set−1 and St , where Set−1 is the points
sampled in the first t−1 iterations, St is the points
sampled in the t−th iteration, and Set = St ∪ Set−1 .
b
Finally, each component of the vector ∇J(ω)
can
be obtained in a different iteration. If the component ∇Jj (ω; Set ) reaches its stopping condition in
the t0 −th iteration, then it is accepted as the jb
th component of ∇J(ω)
(∇Jbj (ω) = ∇Jj (ω; Set0 )),
and will not be updated in any subsequent iterations. The following theorem shows that the grab
dient estimate ∇J(ω)
obtained using the LR-SOD
algorithm is a descent direction for the current objective function with large probability.
Theorem 1. For 0 < ε < 1/2 and 0 < δ < 1/2,
b
the LR-SOD algorithm outputs a vector ∇J(ω)
⊤
b
such that P (∇J(ω) ∇J(ω) > (1 − ε)||∇J(ω)||2 )
with probability 1 − δ.
Experiments. To demonstrate the efficiency of
our proposed algorithm, three representative GD
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Table 1

The execution time (in seconds) for four algorithms

LR-GD
8586.47
4827.57
7948.21
1900.81
5272.12
3370854.18
243920.00
3321.46
67645.77

LR-DSG
114.65
133.21
115.89
31.71
68.29
7296.56
1139.20
203.09
757.83

LR-BGD
119.37
73.33
285.77
80.62
376.22
4050.76
761.60
199.81
11286.56

LR-SOD
78.53
43.39
29.34
29.64
63.23
1298.32
320.00
163.78
735.76
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Dataset
Cifa
Cod-rna
Covtype
Ijcnn1
Mnist
Rcv1
Real-sim
Skin-nonskin
Susy
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algorithms were selected for comparison, namely
GD with all the data (LR-GD), GD with static
samples (LR-BGD) and the dynamic sample gradient algorithm (LR-DSG).
As shown in Table 1, the LR-SOD algorithm requires less training time than LR-DSG and
LR-BDG. As opposed to the LR-SOD algorithm,
the sample size for estimating the gradient may
increase with each iteration in the LR-DSG algorithm, so that LR-DSG requires a lot of time
to compute the estimated gradient. Furthermore,
both LR-DSG and LR-BGD determine the sample size before sampling, and they sample from
the training data set using this fixed sample size
to obtain the estimated gradient. Because different data points have different contributions to the
gradient, the gradients estimated by these two algorithms is often not a descent direction for the
current objective function. Therefore, these two
algorithms require more iterations to obtain a final
solution, which also increases the execution time.
The LR-SOD algorithm guarantees that the estimated gradient is a descent direction for the current objective function at each iteration with large
probability, so it requires a much smaller number
of iterations to obtain a final solution.
Conclusion. To effectively deal with large-scale
data, this paper presents a new sampling ondemand logistic regression algorithm. This algorithm generates a random sample by successively
sampling data points until all the components of
the estimated gradient satisfy a specified stopping
condition. At each iteration, only the components
that do not satisfy the stopping condition are estimated, while the components that already satisfy
their stopping condition become the correspond-

ing components of the final gradient estimate.We
also prove that the estimated gradient using LRSOD is a descent direction for the current objective
function with large probability. The experimental
results on several large-scale datasets further confirm the effectiveness and efficiency of LR-SOD.
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