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cation model because of their intuitive graphical representation ability among class
variables. But learning MBC and performing multidimensional classification based on
the MBC can be very computationally demanding. For the tractability of performing multidimensional classification, a class-bridge-decomposable (CB-decomposable)
MBC model is proposed and it alleviates the computation complexity. But there are
few works to efficiently and systematically learn the CB-decomposable MBC model.
Thus, we focus on addressing a naive learning algorithm of CB-decomposable MBCs.
Briefly, we learn the CB-decomposable MBC model by dividing it into three components: class subgraph, bridge subgraph, and feature subgraph. First, we analyze why the
class subgraph can be learned based on general Bayesian network learning methods.
Second, we give how to learn bridge subgraph based on information gain ratio. Third, to
make the CB-decomposable MBC model effective and simple, we also study the learning and updating strategies of feature subgraph. Further, we propose the naive learning
algorithm of the CB-decomposable MBC. Finally, by comparing with other methods
on several benchmark datasets, experimental results illustrate that our naive learning
algorithm not only has higher accuracies, lower learning, and classification times but
also has simple and intuitive representation ability.
KEYWORDS
Bayesian networks, CB-decomposable multidimensional Bayesian network classifiers,
information gain, machine learning, multidimensional classification, naive learning

1

INTRODUCTION

Multidimensional classification1 is an extension of the one-dimensional classification and is also a further development of multilabel classification.
Its goal is to find a classifier that assigns a vector of class values by given feature vector. That is, for each instance having k features f = (f1 , f2 , … , fk ),
we need to learn a classifier model  that can assign the instance to a vector of d class values c = (c1 , c2 , … , cd ). There are many application
domains of multidimensional classification. For example, text categorization2 can belong to multiple different topics, a scene can also have multiple classifications,3 a gene can have multiple biological functions in bioinformatics,4 malicious code5,6 can be detected from multidimension,
privacy-preserving, and so on.
There are many methods for multilabel classification.7-11 These methods can be divided into two types: considering-relationships-among-labels
method and not-considering-relationships-among-labels method. Binary relevance10 is the classical not-considering-relationships method. In fact,
considering the correlation among class variables has been proved to be the key to improve the accuracy of multilabel classification.11 Label
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Powerset is the classical considering-relationships method but it cannot predict unseen labelsets. These mentioned multilabel classification
methods can be also used to solve the multidimensional classification problems.
However, Bayesian network (BN) classifiers12 not only can represent relationships among variables and predict unseen class value but also have
good interpretability, it is widely used in many supervised classification fields. In order to solve multidimensional classification better, the multidimensional Bayesian network classifier (MBC)1 is proposed by introducing the concept of multidimensionality into Bayesian network classifiers.
So an MBC structure  includes three subgraphs: class subgraph C , bridge subgraph B , and feature subgraph F . Where C and F may be empty,
directed tree, polytree, and directed acyclic graphs (DAG). Thus, there are several different families of MBCs that are caused by different graphical
structures of the class subgraph and feature subgraph, such as tree-tree MBCs,1 polytree-polytree MBCs,13 DAG-DAG MBCs,30 and so on.
In order to learn a better MBC structure, researchers have developed many methods. Van der Gaag et al1 proposed a tree-tree MBC learning
method, which shows that the complexity of algorithm is polynomial in the number of variables involved. Specifically, for class subgraph and feature
subgraph, they first learned the maximum weighted generation trees based on minimum description length score function. And then they used the
general feature selection method to learn the bridge subgraph. Furthermore, they expanded to learn the polytree-polytree MBCs13 and addressed
the bound of tree width of the MBC DAG , the bound meets
treewidth() ≤ treewidth(F ) + |VC |.
This means that an MBC  could conduct multidimensional classification in polynomial time if the sum of the feature subgraph's treewidth(F ) and
the number of class variables |VC | is bounded. Qazi et al14 learned a DAG-empty MBC for automated heart wall motion abnormality detection, and
they learned class subgraph using general BN learning method and took prior domain knowledge to learn bridge subgraph by adding dependence
relationship between each class and features. Rodriguez et al30 presented a k dependence Bayesian MBC based on multiobjective evolutionary
algorithm NSGA-II that can be used to many fields.15-18 While k is enough large, in fact, the k dependence Bayesian MBC becomes a DAG-DAG MBC.
The above-mentioned learning methods are addressed according to the type of class and feature subgraphs. However, the most probable explanation (MPE) must be computed in multidimensional classification based on BN. But these methods do not explicitly solve the inference complexity
based on BN classifier model. So Benjumeda et al19 researched the tractability of MPE in MBCs. They provided upper bounds for the complexity of
MPE and marginal of class variables conditioned to an instantiation of all feature variables. Moreover, during the learning process, they used these
bounds to propose efficient rules to bound model complexity. As well, Bielza et al20 proposed class-bridge decomposable MBC (CB-decomposable
MBC), which can be decomposed into r maximal connected components. In this work, the theoretical results are provided in the basic MBC and the
CB-decomposable MBC. In Reference 21 , based on a wrapper greedy forward selection method, Borchani et al proposed a novel learning algorithm
of CB-decomposable MBCs. Based on selective naive Bayes, they first learned bridge subgraph in which there is no common feature variables for
two different class variables. And then they learned feature subgraph by adding randomly edges until classification accuracy does not improve. Next,
they merged maximal connected components by learning class subgraph. Finally, experimental results showed that the computations of MPE of
CB-decomposable MBCs are alleviated comparing to general MBCs.
However, this learning algorithm21 focuses on demonstrating the usefulness of CB-decomposable MBCs and the alleviated computations
of MPE by experimental study. Neither time complexity of learning algorithm nor the experimental comparison with the popular DAG-DAG
CB-decomposable MBCs, which have the strong representation ability, have been researched efficiently and systematically. Therefore, in this
article, we address a naive learning algorithm for a DAG-DAG CB-decomposable MBC model. Where class subgraph is learned based on general BN learning algorithms, bridge subgraph is learned only once, feature subgraph needs to be learned or updated based on its bridge
subgraph and make its graphical representation simple, which reduces the learning complexity and also guarantees the MBC to be still
tractable.
The rest of this article is arranged as follows: Section 2 reviews some preliminaries. In Section 3, we propose the naive learning algorithm of
CB-decomposable MBCs. In Section 4, experiments demonstrate the performance of our proposed algorithm by comparing with other methods.
Finally, Section 5 concludes this article.

2

PRELIMINARIES

In this part, we introduce some concepts of multidimensional Bayesian networks classifiers (MBCs) and the CB-decomposable MBCs.

2.1

MBCs

Essentially, an MBC is a Bayesian network (BN) specially designed to solve classification problems including multiple class variables. Given all feature
values, we need to learn the MPE of multiple class variables. Its definition is given as follows.
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Definition 1 (Multidimensional Bayesian networks classifier, MBC1,20 ). An MBC model can be formally expressed as  = (, Θ),  = (V, E) is a
DAG, where the set of variables V = {V1 , V2 , … , Vn } is partitioned into two sets: the set of class variables VC = {C1 , C2 , … , Cd }, d ≥ 1, and the set of
feature variables VF = {F1 , F2 , … , Fk }, k ≥ 1, and k + d = n. Where n is the number of all variables in an MBC model. E is partitioned into three sets:

•

EC . EC ⊆ VC × VC is the set of the edges between class variables. C = (VC , EC ) is the corresponding class subgraph.

•

EF . EF ⊆ VF × VF is the set of the edges between feature variables. F = (VF , EF ) is the corresponding feature subgraph.

•

EB . EB ⊆ VC × VF is the set of the edges from class variables to feature variables. B = (V, EB ) is the corresponding bridge subgraph, where
V = VC ∪ VF .
Θ is the set of parameters 𝜃v|Π(v) = Pr(v|Π(v)), where Π(V) is the set of parents of variable V in the graphical structure . Π(v) is a combination

value of all parents of V, that is, Π(v) is a value of Π(V). An MBC as a special BN model, it also can be described as a joint probability distribution over
V, that is,
Pr(V1 , V2 , ..., Vn ) =

n
∏

Pr(Vi |Π(Vi )).

(1)

i=1

A simple example of DAG-DAG MBCs and its three subgraphs are shown in Figure 1. There are four class variables and seven feature variables
in the MBC model.

2.2

CB-decomposable MBCs

To alleviate the MPE computational complexity, References 20 and 21 consider the CB-decomposable MBCs and show that, in a CB-decomposable
MBC, the maximization problem for MPE computation can be transformed into r maximization problems that conducted in lower dimensional
spaces. In addition, comparing with the whole large and complex MBCs, more insight about the domain and better interpretability can be provided
using a CB-decomposable MBC model.
Definition 2 (CB-decomposable MBCs20,21 ). Suppose we have an MBC model where C is its class subgraph and B is its bridge subgraph. We say
that the MBC is class-bridge decomposable, denoted CB-decomposable, if

(A)

(B)

(C)

F I G U R E 1 An example of the MBC and its three subgraphs. (A) Class subgraph. (B)
Bridge subgraph. (C) Feature subgraph. (D) The MBC

(D)
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FIGURE 2

•
•

The CB-decomposable MBC of the model in Figure 1

C ∪ B can be decomposed as C ∪ B = ∪ri=1 (iC ∪ iB ), where iC ∪ iB (i = 1, ..., r) are the r maximal connected components.

Ch(Vi ) ∩ Ch(Vj ) = ∅ with i, j = 1, … r and i ≠ j, where Ch(Vi ) denotes the children of all class variables in ith connected component. This means
C

C

C

that there are no common children for two class variables in different connected components.
To sum up, CB-decomposable MBCs can solve the MPE in each component and avoid the complexity of higher dimensional computing. The
CB-decomposable MBC of the model in Figure 1 is shown in Figure 2. Here it is decomposed into two maximal connected components and one
outlier feature variable.

3

NAIVE LEARNING OF CB-DECOMPOSABLE MBCS

In this section, we first describe the idea of the CB-decomposable MBC's naive learning and then propose two key learning strategies. Furthermore,
the pseudocode description of naive learning and its complexity analysis are given in detail.

3.1

The basic idea

Since the multidimensional classification using an MBC model aims at getting the MPE c∗ of the class variables given an instantiation of the feature
variables f, which is given by
c∗ = arg max Pr(c|f) = arg max c.
c∈ΩC

c∈ΩC

(2)

That is, making Pr(c|f) maximal equals making Pr(c, f) maximal. Where ΩC denotes the state space of class variables C or VC . Thus, we can learn
CB-decomposable MBCs by general methods of learning BN model and here we use Bayesian information criterion (BIC) score function to measure
CB-decomposable MBCs. The BIC score function is expressed as

BIC() =

n
∑

BIC(Vi |ΠVi ).

(3)

i=1

From Equation (3), we have the score function is decomposable according to each variable or node; moreover, the BIC of each node is only
related with its parent nodes. Thus

•

for class subgraph C , since feature variables can only be children of class variables in an MBC, they are not related with the BIC scores of each
class variable. Thus, we can directly learn C based on general BN structure learning methods. Which does not change the BIC scores of class
subgraph. Clearly, class subgraph does not need to be updated based on other subgraphs.

•

for bridge subgraph B , in order to make the MBC still be decomposable and the update time complexity be alleviated, we learn the most relative
several feature variables for each class variable. Also we do not allow that there are any common feature variables between each pair class variables. Note that this process can be learned only once and not be updated any more later. So learning a good bridge subgraph is rather important
for multidimensional classification based on CB-decomposable MBCs.

•

for feature subgraph F , we can still learn the directed edges based on general BN learning algorithms, but we need to verify whether the learned
edges among feature variables could be added in the end by considering its corresponding class parent in bridge subgraph. Which makes the
learned F more simple than that of being learned only using general BN learning ones.
We call this learning process as a naive learning algorithm and the learned CB-decomposable MBC models are also called naive

CB-decomposable MBCs. The formal definition of our naive CB-decomposable MBC is as follows.
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FIGURE 3

A simple example of naive CB-decomposable MBCs

Definition 3 (Naive CB-decomposable MBC). A naive CB-decomposable MBC, whose feature variables have no or only one class variable as their
class parent node, can be written as naive = (naive , Θnaive ). Similarly, its naive includes

•

Class subgraph naive
= (VCnaive , ECnaive ), where ECnaive only contains directed edges between class variables.
C

•

Bridge subgraph naive
= (VBnaive , EBnaive ), where EBnaive only contains directed edges from class variables to feature variables, each feature variable
B
has no or only one class parent.

•

Feature subgraph naive
= (VFnaive , EFnaive ). EFnaive only contains directed edge between feature variables.
F
A simple example of our naive CB-decomposable MBC model is shown in Figure 3. There are four class variables and eight feature variables.
Therefore, we mainly study the naive learning strategies of bridge subgraph naive
and feature subgraph naive
in the following subsections.
B
F

naive
learning based on information gain ratio
B

3.2

The bridge subgraph of our naive CB-decomposable MBC aims at learning the directed edges between class and feature variables. For each class
variable, we need to find the most relative features and guarantee there are no common features between class variables. We know that famous
decision tree can be used to conduct classification task well, where information entropy, information gain, and information gain ratio are often used
to measure the importance of features for a class. Because information gain ratio not only considers the degree of information gain but also reflects
the costs of splitting information entropy (Split entropy), here we adopt information gain ratio to find the most relative feature variables for each
class variable. The related concepts of information gain ratio are formally described as follows.
Entropy(C) = −

∑

Pr(c) ⋅ log2 Pr(c),

(4)

where Entropy(C) measures the amount of information of class variable C in dataset. The smaller the Entropy(C) is, the purer the distribution of the
data to C is. Pr(c) is the probability of class variable C taking a certain value in dataset.
Information gain(C,F)
= Entropy(C) − EntropyF (C)
p
∑
SFi
⋅ Entropy(Fi ).
= Entropy(C) −
S
i=1 C

(5)

Where EntropyF (C) means the entropy of sub datasets that are divided into by feature variable F. Assume that F has p values and the
∑p SFi
⋅ Entropy(Fi ). SFi denotes the instance number of the ith value of F in
i=1 S

dataset has been divided into p sub datasets, so EntropyF (C) =

C

data. SC denotes the instance number of the class variable C in data. Entropy(Fi ) means the amount of information of class variables C in ith sub
dataset, where F takes the ith value. The bigger the Information gain(C,F) is, the purer the distribution of the p sub data to C according to feature
variable F is.
In order to avoid that the result is biased to the feature variable with many values, in this article, we use information gain ratio, which not only
considers the information gain but also uses the cost of split information by F, to measure the classification abilities. So
Information gain ratio(C,F) =

Information gain(C,F)
Split entropy(F)

(6)

Where

Split entropy(F) = −

p
∑
SFi
i=1

The bigger the ratio is, the more suitable it is used to classify the class.

SC

⋅ log2

SFi
SC

(7)
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Specifically, for each class variable, as decision tree based on information gain, we select features which have higher information gain ratio for
q layers. As well, to ensure the performance better, the sample data with the same sizes are trained u times and we random sample 30% dataset to
construct decision trees at each time. And then we union all features in q layers as the current class variable's children. We loop until the features of
all class variables are selected out. Note that the layer number q is also as the stop condition of iteration during learning decision tree. For the layer
number q, it should neither be too big (increasing complexity and overfitting) nor too small (having not enough features to represent its class). It can
be given according to each class variable that has as many features as possible to describe it.
Furthermore, for all class variables, there must be common feature variables in the results. However, good separability means greatly reducing
computational complexity of classification based on MBC models. In order to ensure that the whole graph has r components, we only keep the
common feature variables in the class component with the highest average information gain ratio and eliminate them from other class components.
Which guarantees each component has the most relative and unique feature variables and these feature variables' values have direct effect on the
current class variable for classification task.
In brief, differing from building a pure C4.5 decision tree, learning the relative feature variables of each class variable in bridge subgraph does
not need to build the whole decision tree and it needs to reach the given layer number, which reduces the computational complexity and also avoids
over fitting to some extent. In addition, to ensure CB-decomposable, for all class variables, we cannot allow there are common feature variables
between any two class variables.

3.3

naive
learning and updating
F

For feature variables, their parents may be class variables or feature variables. So, during learning feature subgraph naive
according to BIC score
F
function, we need to consider class variables or update naive
by naive
.
F
B
In our naive CB-decomposable MBC model, the class parent node of some feature variables maybe only one or no. Thus we give the special
strategies of learning and updating naive
. First, we learn naive
based on general BN learning methods. For each feature variable VFi , if it adds one or
F
F
multiparents Π(VFi ) during learning naive
, then we need to update these edges using its class parent node Π(VFB ) in naive
. That is, if
F
B
i

BIC(VFi |(Π(VFi ) ∪ Π(VFB ))) > BIC(VFi |Π(VFB )),
i

i

then we finally add these edges as parents of VFi and do not add them otherwise.
For example, for feature F1 in Figure 3, we learn BIC(F1 |F4 ) > BIC(F1 ) in naive
by general BN learning methods, and then we add temporarily
F
F4 → F1 . Next, assume that we have C1 → F1 showed in Figure 3, which is learned by the method in Section 3.2. Furthermore, we also need to judge
BIC(F1 |F4 , C1 ) > BIC(F1 |C1 ), if the inequality is ok, we retain the edge F4 → F1 and delete it otherwise. This makes the relationship among feature
variables more reasonable and the feature subgraph simpler.

3.4

The whole naive learning algorithm

The goal of the naive learning algorithm of a CB-decomposable MBC model is to ensure its simplicity, accuracy, and tractability, the learning process
is divided into three steps. First, the class subgraph naive
is learned based on general BN learning methods. Second, using the proposed strategies
C
in Section 3.2, we learn the bridge subgraph naive
structure. Third, we learn and update feature subgraph naive
based on the given strategies in
B
F
Section 3.3. In a conclusion, the pseudocode of our naive learning algorithm is described in Algorithm 1.
For the time complexity of Algorithm 1, we also analyze them step by step.
In terms of learning class subgraph naive
in step 1 (Line 2), different BN learning methods have different time complexities. If we use K2
C
algorithm22 as the general BN learning method, the time complexity is O(m ⋅ tC2 ⋅ d2 ⋅ |dommax (C)|), where m is the number of sample data, tC is the
maximum number of parent nodes of class variables, d is the number of class variables, and |dommax (C)| is the maximum number of domain value of
class variables.
In step 2 (Lines 4 to 17), for each class variable, the time complexity of learning its children from feature variables once is similar to learning a
decision tree, it is O(m ⋅ k2 ),23,24 k is the number of feature variables. Since there are d class variables and we learn u times on the sample data with
the equal sizes, the time complexity of the first for loop from Lines 4 to 10 is O(d ⋅ u ⋅ m ⋅ k2 ). For the second for loop from Lines 11 to 15, there are
( )
d
pairs of class variables, it has O(d2 ). Thus, the time complexity of learning bridge subgraph naive
is O(d ⋅ u ⋅ m ⋅ k2 ) + O(d2 ).
B
2
, if we use K2 algorithm to learn the DAG among features in Line 20, the time complexity is O(m ⋅ tF2 ⋅ k2 ⋅
For learning feature subgraph naive
F
|dommax (F)|), tF is the maximum number of parent nodes of feature variables, and |dommax (F)| is the maximum number of domain value of feature

variables. Further we need to verify the final edges for k feature variables by for loop from Lines 19 to 24, so the time complexity of learning feature
subgraph naive
is O(m ⋅ tF2 ⋅ k3 ⋅ |dommax (F)|).
F
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Algorithm 1. Naive learning algorithm of CB-decomposable MBCs
Input: Dataset , class variables VC , the number of class variables d,learning times for each class u, the layer number of decision tree q;
Output: A CB-decomposable MBC 
1: Learning class subgraph naive
:
C
based on general BN methods;
2: learning naive
C
3: Learning bridge subgraph naive
:
B
4: for i = 1 to d do
5: FCi = ∅, where FCi denotes the feature set of ith class variable;
6: for j to u do
7:
learning q layer decision tree based on information gain ratio and obtain FCij ;
8:
FCi ← FCi ∪ FCij ;
9: end for
10: end for
11: for any two class variables do
12: if there are common features then
13:
delete the common features with lower average information gain ratio from its corresponding FCi ;
14: end if
15: end for
16: add edges from each class VCi to its each feature in FCi ;
;
17: return naive
B
18: Learning feature subgraph naive
:
F
19: for each feature VFi do
20: finding its parent set Π(VFi ) that has been learned based on general BN methods
21: if BIC(VFi |Π(VFi )∪ Π(VFB )) > BIC(VFi |Π(VFB )) then
i
i
22:
add these edges in Π(VFi ) as parents of VFi in the end;
23: end if
24: end for
25: return naive
;
F
naive
26:  = naive
∪

∪ naive
;
C
B
F
27: return ;

In addition, there are three parts that can be learned in parallel by our Algorithm 1, including 1) class subgraph and bridge subgraph can be
learned in parallel; 2) features of each class in bridge subgraph can be learned (from Lines 4 to 10) in parallel according to each class variable; 3)
feature subgraph can be updated (from Lines 19 to 24) in parallel according to each feature variable. Which can speed up the execution of the
algorithm.

4

EXPERIMENTS

In this section, we verify the performance of our proposed learning algorithm from two aspects: the learned CB-decomposable MBC model and the
classification accuracy based on this model. First, we introduce the experiment settings, dataset, and the adopted evaluation metrics for this experiment. Second, we analyze our experimental results in different sample sizes. Next, we show the result analysis of our learned CB-decomposable MBC
by comparing with several existing BN-based learning methods. Finally, we demonstrate the classification accuracy according to global accuracy and
mean accuracy by comparing with other non-BN multidimensional classification methods.

4.1

Experiment settings and datasets

The experiment environment includes a PC with Mac, a 1.8 GHz Intel Core i5 CPU, and 8.00 GB main memory. All codes are completed in python
3.7 with the compiler PyCharm.
In this experiment, we use six synthetic datasets generated from the corresponding benchmark BNs, which can be found at http://www.bnlearn.
com/bnrepository/. We sample three different instance sizes and they are 1000, 10 000, and 30 000. The details of six benchmark BNs are shown
in Table 1, including BN name, instance sizes m, the number of nodes |V|, the number of directed edges |E|, the number of parameters |P|, and the
maximum number of parent nodes t.
From Table 1, we can have that the number of nodes is from 8 to 76, the number of directed edges is from 8 to 112, the number of parameters is
from 18 to 10 083, and the maximum number of parent nodes is from 2 to 7. This covers several different cases.
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Name

m

Asia

1000
10 000

|V|

|E|

|P|

t

8

8

18

2

11

17

178

3

37

46

509

4

27

52

984

3

32

66

10 083

5

76

112

574

7

TA B L E 1

Details of six benchmark BNs

30 000
Sachs

1000
10 000
30 000

Alarm

1000
10 000
30 000

Insurance

1000
10 000
30 000

Water

1000
10 000
30 000

Win95pts

1000
10 000
30 000

4.2

Evaluation metrics

Evaluating the proposed learning algorithm can be divided into two parts. One part is for the performance of the learned CB-decomposable MBC
model, we use seven metrics, M1 , M2 , M3 , M4 , precision, recall, and times to test by comparing with the corresponding benchmark BN structures, where
the first four are proposed in Reference 21 . The other part is for the performance of classification base on learned CB-decomposable MBC model,
we use three metrics: the global accuracy accG , the mean accuracy accM , and times to measure, where the first two are proposed in Reference 19 .
These evaluation metrics are as follows in details.
1. M1 . Percentage of edges that are correctly present in the learned CB-decomposable MBC structure.
2. M2 . Percentage of edges incorrectly present in the learned CB-decomposable MBC structure. The smaller the value is, the better the model is.
3. M3 . Percentage of opposite direction edges in the learned CB-decomposable MBC structure. The smaller the value is, the better the model is.
4. M4 . Percentage of absent edges in the learned CB-decomposable MBC structure. The smaller the value is, the better the model is.
5. precision. precision =
6. recall. recall =

M1
M1 +M4

M1
M1 +M2

.

.

7. accM . It means the mean accuracy of classifiers which averages the accuracy values of all class variables individually. It can be described as

accM = Mean accuracy(M) =

d
m
1∑ 1 ∑
f(̂cij = cij ),
d j=1 m i=1

(8)

where m is the number of samples, d is the number of class variables, ĉ ij and cij express the predicted class value for variable Cj in instance i and
its true value, respectively. If ĉ ij = cij , f(True) = 1, and f(False) = 0 otherwise.
8. accG . It means the global accuracy and is given by

accG = Global accuracy(G) =

where m, d, and f as accM . It can be seen that accG is more strict than accM .

m
1 ∑
f(̂ci = ci ),
m i=1

(9)
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9. times(s). It means the model's learning times or classification times based on the learned CB-decomposable MBC model. s denotes the running
time is measured using second.
10. ±. It represents the standard deviation of multiple results in experiments. The smaller the standard deviation is, the more stable the experimental
results are.

4.3

Results analysis in different sample sizes

To verity the classification performance, we first address the sample size which can make the MBC stable. Therefore, the experiments are conducted
on six BNs dataset by our proposed algorithm in three different sample sizes, such as 1000, 10 000, and 30 000. There are 18 (3*6) cases and we
conduct five times in each cases. Note that when the node orders are known, we take K2 algorithm as the general BN learning method; when they
are unknown, we adopt hill climbing (HC) algorithm.
The experimental average results are shown in Table 2 based on K2 algorithm and in Table 3 based on HC algorithm, respectively.
From Tables 2 and 3, we can have the following conclusions.
1. The classification accuracies of accG and accM all increase with the increasing sample sizes except for Asia BN in Table 2 and in Table 3. Their
standard deviations decrease with the increase in sample size, except for accG and accM of Asia in Table 2, accG of Alarm and Win95pts in Table 2,
accG of Sachs and Alarm in Table 3. This shows that the algorithm tends to be more accurate and stable with the increase of sample size.
2. For measuring the learned CB-decomposable MBC based on K2 algorithm or HC algorithm, in most cases, the learning performance in bigger
sample size is better than that of in smaller sample size by M1 , M2 , M3 , M4 . Moreover, M3 in Table 2 are all zero, because the node orders of six
BNs are given, it is impossible to learn the reverse edges.
3. Furthermore, we can conclude that the learned CB-decomposable MBC model, their classification accuracies, and standard deviations have
smaller change from 10 000 to 30 000 than that of from 3000 to 10 000 in most cases. This shows that the results are relative stable in 10 000.
Thus, in the following subsection, we will verify our proposed algorithm in 10 000 sample size.

TA B L E 2

The experimental results in three different sample data based on K2 algorithm
The learned MBC model (Ave 5 times)

Classification accuracy (Ave 5 times)

Name

m

M1

M2

M3

M4

accG

accM

Asia

1000

87.50±0.00

25.00±0.00

0.00±0.00

12.50±0.000

68.70±1.71

89.62±0.61

10 000

92.50±0.47

25.00±0.00

0.00±0.00

7.51±0.47

66.43±0.34

88.44±0.15

30 000

100.00±0.00

25.00±0.00

0.00±0.00

0.00±0.00

66.51±0.72

88.75±0.32

1000

80.00±0.94

9.41±0.47

0.00±0.00

20.00±0.94

63.00±1.53

80.25±1.14

10 000

94.12±0.82

11.77±0.82

0.00±0.00

5.88±0.81

67.70±1.30

81.98±0.41

30 000

94.12±0.82

11.77±0.82

0.00±0.00

5.88±0.81

67.70±1.20

82.42±0.25

1000

62.17±0.49

40.87±0.75

0.00±0.00

37.83±0.49

65.82±0.44

93.41±1.24

10 000

78.70±0.98

32.61±0.00

0.00±0.00

20.44±0.80

68.23±0.51

95.53±0.25

30 000

80.80±0.60

31.74±0.01

0.00±0.00

19.13±0.49

68.41±0.10

95.84±0.21

1000

19.23±0.90

10.38±0.80

0.00±0.00

79.23±0.71

36.40±1.10

65.00±2.51

10 000

25.00±0.00

9.62±0.00

0.00±0.00

75.00±0.00

38.51±0.71

67.33±0.42

30 000

26.54±0.49

9.23±0.02

0.00±0.00

74.62±0.82

38.75±0.34

67.51±0.12

1000

11.81±0.49

10.60±0.71

0.00±0.00

89.39±0.06

6.41±0.10

54.14±1.14

10 000

19.39±0.40

11.51±0.80

0.00±0.00

80.90±0.49

7.82±0.01

56.12±0.31

30 000

20.30±0.34

10.90±0.02

0.00±0.00

80.00±0.71

8.21±0.01

56.31±0.20

1000

50.00±0.00

34.82±0.00

0.00±0.00

57.67±0.04

75.70±0.08

97.65±2.10

10 000

61.60±0.02

33.92±0.49

0.00±0.00

38.39±0.06

78.81±0.02

98.32±1.14

30 000

63.21±0.47

58.92±0.01

0.00±0.00

38.75±0.00

79.14±0.04

98.61±0.31

Sachs

Alarm

Insurance

WaterWater

Win95pts
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TA B L E 3

The experimental results in three different sample data based on HC algorithm
The learned MBC model (Ave 5 times)

Classification accuracy (Ave 5 times)

Name

m

M1

M2

M3

M4

accG

accM

Asia

1000

37.50±0.81

50.00±0.00

20.00±1.24

42.50±0.94

63.71±0.60

87.61±0.90

10 000

50.00±0.82

45.00±0.47

7.50±0.47

30.00±0.94

65.95±0.40

87.15±0.80

30 000

52.50±0.47

50.00±0.47

25.00±0.82

30.00±0.47

66.50±0.01

88.30±0.11

1000

41.18±0.00

21.18±1.24

3.52±0.47

55.29±0.47

64.00±0.50

79.80±2.11

10 000

47.05±0.81

41.17±0.81

5.88±0.00

47.05±0.81

64.11±0.40

80.59±0.50

30 000

49.41±0.47

38.82±1.24

5.88±0.00

44.70±0.47

64.52±0.70

80.70±0.40

1000

23.04±0.50

38.26±1.50

6.52±0.00

70.87±0.50

53.03±0.51

93.80±0.90

10 000

26.95±0.47

36.52±0.00

7.39±0.94

64.78±0.01

65.12±0.10

94.33±0.21

30 000

27.83±0.49

35.65±0.00

9.56±0.49

62.61±0.00

65.81±0.14

94.50±0.14

1000

6.54±0.49

11.54±0.89

3.85±0.40

93.46±0.50

29.80±0.41

55.50±1.04

10 000

11.92±0.75

14.23±0.80

0.39±0.40

86.92±0.40

35.81±0.35

61.35±0.25

30 000

13.08±0.07

13.85±0.49

0.38±0.03

88.08±0.03

36.40±0.31

62.50±0.00

1000

6.67±0.80

13.33±0.75

5.15±0.49

88.18±0.98

5.52±0.14

55.20±0.84

10 000

9.70±0.79

11.51±0.80

5.40±0.49

87.27±0.49

6.64±0.05

56.85±0.14

30 000

10.60±0.00

10.90±0.04

5.80±0.79

86.06±0.01

7.10±0.01

57.10±0.13

1000

11.61±0.47

33.93±0.00

5.00±0.03

83.57±0.00

72.40±0.31

96.40±0.45

10 000

14.29±0.49

37.32±0.05

6.43±0.02

80.71±0.49

75.32±0.24

97.92±0.01

30 000

15.00±0.00

35.89±0.47

6.25±0.00

80.17±0.82

75.82±0.00

98.11±0.00

Sachs

Alarm

Insurance

Water

Win95pts

4.4

Comparison result analysis based on serval BN learning methods

In this subsection, by comparing our proposed naive learning method with several BN learning methods, we demonstrate the experimental results
of the learned CB-decomposable MBC models and the classification based on these models. Before comparison, there are two keys that need us to
describe in detail.

•

Selecting class variables. In benchmark BNs, we first need to select out some class variables. In general, as a class variable VCi in a
CB-decomposable MBC model, its parents Π(VCi ) are only considered as class variables, not as feature variables. In order to make the model simple, we also consider that the common children of VCi and VC ∖ VCi are as less as possible. According to the two rules, the class variables of several
BNs in Table 1 are shown in Table 4, including the number of class variables d and index of class variables Id .

•

Sampling training data and test data. For the sample data that have been sampled from six benchmark BNs in Table 1, we divide them into training
data (90%) and test data (10%). We first use our naive learning algorithm to learn the CB-decomposable MBC model from training data and then
to classify for test data. Moreover, for each m of benchmark BNs, we randomly sample five times (u = 5) to conduct the experiments.

Name

d

Id

Asia

3

[0,1,2]

Sachs

2

[0,1]

Alarm

10

[0,3,4,5,6,8,9,10,12,13]

Insurance

2

[0,5]

Water

6

[0,3,7,8,16,24]

Win95pts

10

[0,1,2,3,4,5,6,7,8,9]

TA B L E 4 The details of class variables on six
BNs dataset
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The experimental results of the learned model and its classification based on K2 algorithm
The learned MBC model (Ave 5 times)

Classification based on the MBC (Ave 5 times)

Name

Methods

precision

recall

time(s)

accG

accM

time(s)

Asia

K2

100.00±1.64

100.00±0.62

1.24±0.04

66.40±0.36

88.44±0.98

0.34±0.07

Alg1+K2

72.73±0.58

100.00±0.58

2.38±0.07

65.77±0.33

88.39±0.80

0.37±0.96

NB+Alg2

70.00±0.41

87.50±0.46

2.26±0.05

65.83±0.13

88.44±0.77

0.05±0.09

Alg1+Alg2

78.72±0.56

92.38±0.82

2.51±0.04

66.43±0.30

88.46±0.53

0.37±0.07

K2

100.00±1.51

100.00±1.09

15.96±0.03

67.60±2.01

81.84±1.88

0.63±0.05

Alg1+K2

76.19±0.86

94.12±0.73

10.12±0.25

66.33±1.65

81.65±0.81

0.77±0.58

NB+Alg2

78.57±1.14

64.71±0.93

3.65±0.03

55.43±0.45

75.93±0.59

0.08±0.14

Alg1+Alg2

88.89±0.96

94.15±0.75

4.54±0.27

67.70±0.29

82.38±0.53

0.77±0.12

K2

97.62±0.76

89.13±0.94

187.41±7.82

68.20±2.14

95.52±1.98

252.89±0.02

Alg1+K2

72.41±2.43

91.30±1.38

132.35±5.14

63.30±2.20

95.24±0.46

331.14±0.87

NB+Alg2

54.55±1.59

13.04±0.64

13.85±0.76

58.10±2.31

94.80±0.44

145.28±0.45

Alg1+Alg2

70.70±0.62

79.39±0.76

28.84±0.84

68.23±1.65

95.54±0.75

282.38±0.13

K2

100.00±1.15

82.69±0.54

120.52±5.56

38.58±1.23

67.50±2.46

1.87±1.25

Alg1+K2

83.67±0.93

78.85±0.99

109.32±1.25

37.00±1.06

62.30±2.93

2.91±6.71

NB+Alg2

50.00±1.19

9.62±0.46

4.91±1.23

35.07±1.54

61.13±0.79

0.12±3.68

Alg1+Alg2

72.22±0.85

25.00±0.24

6.93±0.94

38.52±1.58

67.51±0.18

1.06±0.07

K2

100.00±1.43

42.42±1.02

108.44±3.73

7.83±0.42

56.15±1.84

548.65±0.03

Alg1+K2

78.38±0.84

43.94±0.88

84.48±9.69

5.25±0.35

50.04±1.40

405.63±0.15

NB+Alg2

42.86±1.34

4.55±0.76

9.08±0.62

4.00±0.05

57.65±0.67

148.46±0.28

Alg1+Alg2

62.75±0.94

19.31±0.54

15.78±0.45

7.85±0.21

56.12±0.85

370.57±0.13

K2

89.69±0.64

77.68±0.98

316.04±1.90

78.84±2.35

98.32±0.98

383.47±3.07

Alg1+K2

57.53±0.75

75.00±0.99

318.46±3.68

76.80±2.06

97.28±2.08

450.04±4.35

NB+Alg2

50.00±1.18

11.61±0.98

27.96±1.99

75.30±2.17

97.51±1.14

142.24±5.04

Alg1+Alg2

64.49±0.67

61.60±0.75

51.24±1.63

78.81±0.74

98.92±0.32

346.11±0.35

Sachs

Alarm

Insurance

Water

Win95pts

In this experiment, we conduct five times on each sample data with the equal size and obtain their mean and standard deviation. In
order to verify our proposed algorithm, we divide Algorithm 1 into two parts to illustrate our work. One part is learning bridge subgraph
using Lines 4 to 17 of Algorithm 1 and this is also named Alg1. The other part is named Alg2 that learns class subgraph and feature
subgraph using Line 2 and from Lines 19 to 25 of Algorithm 1, respectively. In this experiment, the node orders are given according to
DAG's topological structure of benchmark BNs. The experimental results by K2 algorithm and HC algorithm are shown in Tables 5 and 6,
respectively.
In this subsection, we compare our proposed algorithm (Alg1+Alg2) with other three methods. The first one is K2 algorithm in Table 5 or HC
algorithm in Table 6, which shows that we use K2 or HC algorithm to learn whole MBCs, the learned MBC models may be not CB-decomposable. The
second one is Alg1+K2 in Table 5 or Alg1+HC in Table 6, which shows that the bridge subgraph is learned by Alg1 and class subgraph and feature
subgraph are learned by K2 or HC algorithm. The third one is NB+Alg2, which denotes that the bridge subgraph is learned by naive Bayesian method,
feature subgraph is learned by Lines 19 to 25 of Algorithm 1, and class subgraph is learned by Line 2 of Algorithm 1 based on K2 or HC algorithm.
From Tables 5 and 6, we have that the following conclusions.
1. Our Alg1+Alg2 algorithm has the highest accuracy accG and accM in most cases (18/24) that showed in bold. As well as it has the lowest the standard deviations of accG and accM in most cases (15/24). Moreover, the learning times of CB-decomposable MBC models
decrease dramatically by comparing with the first two methods. The NB+Alg2 has the shortest learning times in Table 5 and in Table 6,
but it has worse classification accuracies, which shows that our algorithm not only has higher accuracies but also is more stable in most
cases.
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TA B L E 6

The experimental results of the learned model and its classification based on HC algorithm
The learned MBC model (Ave 5 times)

Name

Methods

Asia

Sachs

Alarm

Insurance

Water

Win95pts

Classification based on the MBC (Ave 5 times)

precision

recall

time(s)

accG

accM

time(s)

HC

100.00±0.63

54.00±0.78

9.03±2.27

65.83±0.66

88.44±0.98

0.39±0.07

Alg1+HC

66.67±0.83

85.71±0.98

4.07±0.07

65.60±1.36

88.32±0.80

0.34±0.96

NB+Alg2

50.00±0.47

57.14±0.54

2.23±0.11

62.40±2.51

87.08±0.77

0.34±0.09

Alg1+Alg2

52.63±0.13

62.50±0.42

2.34±0.03

65.95±0.50

88.25±0.53

0.33±0.07

HC

0.00±0.00

0.00±0.00

177.87±5.61

44.77±3.24

70.15±1.88

0.59±0.05

Alg1+HC

78.95±0.95

100.00±0.78

73.08±2.37

66.60±1.79

80.53±0.81

0.77±0.58

NB+Alg2

52.94±0.75

50.25±0.89

5.72±0.38

63.63±0.37

80.80±0.59

0.67±0.14

Alg1+Alg2

53.33±0.63

56.00±0.57

5.50±0.27

64.11±0.42

81.99±0.53

0.65±0.12

HC

1.46±0.82

0.86±0.74

1067.85±8.82

45.83±3.5

92.46±1.98

215.56±0.02

Alg1+HC

64.00±1.45

80.00±1.32

1865.89±57.16

60.90±2.20

94.33±0.46

311.35±0.07

NB+Alg2

31.25±0.99

11.36±0.54

16.01±0.98

49.50±0.30

93.22±0.14

180.41±0.05

Alg1+Alg2

42.47±0.72

29.38±0.79

26.21±1.16

65.81±0.16

94.35±0.65

200.48±0.03

HC

11.11±0.63

0.95±0.54

7046.06±0.78

24.87±1.23

49.87±2.46

2.87±1.95

Alg1+HC

82.98±0.84

78.00±0.99

52.97±106.62

35.73±1.96

61.27±2.93

2.05±6.91

NB+Alg2

37.50±1.21

5.88±0.87

5.17±0.50

31.50±1.04

58.00±0.79

0.91±3.48

Alg1+Alg2

45.59±0.85

12.06±0.45

6.02±0.70

35.81±1.05

61.35±0.18

0.95±0.07

HC

89.47±0.99

28.81±1.12

1341.64±85.85

6.25±0.39

46.15±1.84

362.80±0.03

Alg1+HC

78.26±0.96

31.03±0.78

779.12±32.31

6.10±0.42

49.17±2.10

367.82±0.15

NB+Alg2

33.33±1.47

3.08±0.65

9.56±0.17

6.00±0.00

45.46±0.67

197.46±0.08

Alg1+Alg2

45.71±0.76

10.00±0.38

12.81±0.24

6.64±0.11

56.85±0.15

236.81±0.03

HC

68.27±2.54

75.53±0.98

17847.40±51.95

78.40±3.25

97.61±0.98

408.98±3.07

Alg1+HC

48.18±0.99

68.75±0.48

13856.35±10.73

73.50±2.46

97.00±2.48

460.78±7.25

NB+Alg2

26.09±1.25

5.36±0.54

30.83±0.61

58.10±2.47

94.78±2.54

242.24±5.24

Alg1+Alg2

27.68±0.98

15.04±0.47

49.24±1.48

75.32±0.64

98.23±0.12

334.49±3.65

2. Although the precision and recall of our learned CB-decomposable MBC model are lower than other algorithms in most cases, the classification
accuracy is higher than other algorithms in most cases, which shows that by our algorithm, we can learn simpler CB-decomposable MBC models
that have the same good classification performance. In addition, for HC algorithm in Table 6, the learned models depend on the initial network
as well we set that the loop will end when the BIC scores do not improve any more in consecutive two times, so the learned CB-decomposable
MBC models by HC algorithm in Table 6 may be worse than our algorithm sometimes.
3. For the inference times or classification times, it is related to the number of class variables. Alarm, Water, and Win95pts, three networks, have
long inference times because of their bigger number of class variables that are shown in Table 4. The inference times based on the learned
MBC model for classification are less than K2 algorithm or HC algorithm in most cases (8/12), the reason is that our algorithm is simpler and
CB-decomposable. Especially the inference times decrease significantly when the parameters in MBC models are large.
To sum up, we can learn simper CB-decomposable MBC models with lower learning times and better classification performance in most cases
than other BN classification methods.

4.5

Comparing with other non-BN classification methods

In this subsection, we also compared with other three non-BN multidimensional classification methods, such as k neighbor, decision tree, and
random forest. As well, we compare with some methods in Section 4.4, such as HC method, NB+Alg2(HC) method, Alg1+HC, Alg1+Alg2(HC),
and Alg1+Alg2(K2). The average classification results of five times on six BNs dataset are shown in Figures 4 to 9. Note that accG is described
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FIGURE 4

The average classification results on Asia BN

FIGURE 5

The average classification results on Sachs BN

FIGURE 6

The average classification results on Alarm BN

on the left vertical axis in blue and accM is described on the right vertical axis in orange. The two vertical axis express different percentage
ranges.
From Figures 4 to 9, we can have the following conclusions.
1. The classification performance of our Alg1+Alg2 algorithm, regardless of based on K2 or HC algorithm, is higher and more stable than other
methods. In addition, Alg1+Alg2(K2) algorithm outperform Alg1+Alg2(HC) algorithm in accG and accM , because of being giving the node order
in K2 algorithm. It is rather helpful for improving the model learning and its classification.
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FIGURE 7

The average classification results on Insurance BN

FIGURE 8

The average classification results on Water BN

FIGURE 9

The average classification results on Win95pts BN

2. Similarly, for HC algorithm, it rather depends on its initial network. Moreover, the stoping condition of loop is that the BIC scores do not change
in consecutive two times. Thus, HC algorithm is less stable than other methods in most cases.
3. For the two methods, NB+Alg2(HC) and Alg1+HC, the classification accuracies accG and accM based on Alg1+HC method are higher and more
stable than those of based on NB+Alg2(HC) method. This illustrates that our Alg1 obtains more significant classification results than our Alg2
does.
4. The distances of accM − accG show the fluctuation range between two highest points of accG histogram and accG histogram in each case. The
range in our algorithm is smaller than any other methods. This demonstrates our algorithm can describe the relationships among class variables
well, and it is easier to make the distances smaller than any other learning methods.
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CONCLUSION

In order to learn efficiently the structure of a CB-decomposable MBC that has tractability in the classification task, in this article, by studying the
bridge subgraph learning strategies based on information gain ratio and updating feature subgraph strategies by bridge subgraph, we propose an
efficient naive learning algorithm. Experimental results show the better performance of our proposed method, specifically it has not only higher
accuracies, lower learning, and classification times but also simpler representation ability.
The proposed method also raises other issues. There are many missing data or noisy data in practice, how to learn the MBC models from missing
data or noisy data will need us to study. Also, in this article, we only consider the discrete variables, in fact, the class variables that will be predicted
include discrete as well as continuous variables. So we will study the multidimensional classification problems with the discrete and continuous
variables. Besides, we also intend to do some applications of the MBC model, except for some ones that introduced in the Introduction, there are
positioning or locating problems based on intelligent optimization algorithms25-27 and preserving privacy problems.28,29 To strengthen the classification performance in these applications, we will address multidimensional positioning and multidimensional preserving privacy in the corresponding
scenarios, respectively. These are exactly our further work.
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