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An Ensemble Clusterer of Multiple Fuzzy k -Means
Clusterings to Recognize Arbitrarily Shaped Clusters
Liang Bai , Jiye Liang , and Yike Guo

Abstract—Fuzzy cluster ensemble is an important research
component of ensemble learning, which is used to aggregate several fuzzy base clusterings to generate a single output clustering
with improved robustness and quality. However, since clustering
is unsupervised, where “accuracy” does not have a clear meaning,
it is difficult for existing ensemble methods to integrate multiple
fuzzy k-means clusterings to find arbitrarily shaped clusters. To
overcome the deficiency, we propose a new ensemble clusterer
(algorithm) of multiple fuzzy k-means clusterings based on a
local hypothesis. In the new algorithm, we study the extraction of
local-credible memberships from a base clustering, the production
of multiple base clusterings with different local-credible spaces,
and the construction of cluster relation based on indirect overlap
of local-credible spaces. The proposed ensemble clusterer not only
inherits the scalability of fuzzy k-means but also overcomes the
inability to find arbitrarily shaped clusters. We compare the proposed algorithm with other cluster ensemble algorithms on several
synthetical and real datasets. The experimental results illustrate
the effectiveness and efficiency of the proposed algorithm.
Index Terms—Arbitrarily shaped clusters, fuzzy cluster ensemble, fuzzy k-means, local hypothesis.

I. INTRODUCTION
LUSTERING is an important problem in statistical multivariate analysis, data mining, and machine learning. The
goal of clustering is to group a set of objects into clusters so that
the objects in the same clusters are highly similar but remarkably
dissimilar with objects in other clusters. To tackle this problem,
various types of clustering algorithms have been developed in
the literature (e.g., [1] and references therein), including partitional, hierarchical, density-based, grid-based clustering, etc.
Among them, fuzzy k-means [2], [3] is one of the most computationally efficient clustering techniques, which is widely used
to effectively solve many problems in real applications, such as
image processing, automatic control, information retrieval, and
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bioinformatics. Its advantage is that it has linear time complexity
and can deal with large-scale datasets. However, its disadvantage is that it is sensitive to the selection of initial points and
can only find out spherical and uniform-sized clusters [4]. Currently, several complex clustering algorithms, such as spectral
clustering [5], [6], density-based clustering [7], [8], and kernel clustering [9], have been developed to recognize arbitrarily
shaped clusters. However, they need expensive time costs, i.e.,
the pairwise-objects distance calculations, which is not suitable
for large-scale datasets. Therefore, it has been an urgent issue
how to rapidly recognize different-shaped clusters.
In this paper, we wish to integrate multiple fuzzy k-means
clusterings (MFKM) to quickly cluster datasets with different
distributions, instead of complex algorithms. Cluster ensemble
[10], [11] is a very popular technique to integrate several base
clusterings into a final clustering with improved robustness and
quality. Currently, there are various types of cluster ensemble
methods, such as pairwise similarity, graph-based, relabelingbased, and feature-based methods [12]. Among them, some ensemble algorithms have been developed to integrate fuzzy clusterings. Su et al. [13] proposed link-based consensus methods
for the ensemble of fuzzy k-means. Yu et al. [14] proposed a
random double clustering based fuzzy cluster ensemble framework to perform tumor clustering based on gene expression data.
Rathore et al. [15] proposed a fuzzy cluster ensemble framework
based on random projection, which uses a cumulative agreement
(voting) method to merge fuzzy base clusterings.
However, different from classifier ensemble, where the “accuracy” has a clear meaning, cluster ensemble is thought as
an unsupervised ensemble learning [12]. It is very difficult for
cluster ensemble to recognize the major strength and weakness
of a base clustering on an unlabeled dataset [16]. Therefore,
the ensemble objective of most existing cluster ensemble methods is to obtain the most consensus clustering with all the base
clusterings. Their ensemble results strongly depend on the qualities of base clusterings. Thus, they cannot integrate multiple
clusterings with low qualities into a good final clustering to realize “multiple weak clusterings equal to a strong clustering.”
To solve the problem, we propose a novel ensemble clusterer
of MFKMs to simulate a complex clustering. We assume that a
cluster center of a base clustering can well represent the objects
in its neighborhood. Based on the assumption, we propose an
evaluation function of membership credibility and an MFKM
algorithm to produce multiple clusterings with different localcredible spaces. Furthermore, we construct a relation graph
for all the clusters from base clusterings based on the indirect
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overlap of their local-credible spaces. Finally, we determine the
final clustering based on the membership credibility function
and relation graph.
The outline of the rest of this paper is as follows. Section II
reviews the related work of the cluster ensemble problem.
Section III presents an ensemble clusterer of MFKMs. Section IV demonstrates the performance of the proposed ensemble
clusterer. Section V concludes the paper with some remarks.
II. RELATED WORK
Cluster ensemble, also called consensus clustering, is a kind
of unsupervised ensemble learning. Generally speaking, cluster
ensemble includes two major research tasks: 1) constructing a
generator to produce a base clustering set, and 2) devising an ensemble strategy to produce the final partition. Their results affect
the performance of a cluster ensemble method. In the following,
we introduce the related work of the two tasks, respectively.
In ensemble learning, it is observed that the diversity among
classification results of base classifiers or clusterers, to some
extent, can enhance the performance of the ensemble learner.
Currently, several heuristics have been proposed to produce
different clusterings on a dataset, which can be classified into
three categories.
1) Repeatedly run a single clustering algorithm with different parameters to produce base clusterings [17]–[19].
Fred and Jain [17] applied k-means with the different
numbers of clusters to produce a clustering set. Kuncheva
and Vetrov [18] used k-means with randomly selected different cluster centers. Liu et al. [19] aggregated multiple
spectral clusterings with different kernel parameters.
2) Run different types of clustering algorithms to produce
base clusterings [11], [20]. Gionis et al. [11] used several
hierarchical clustering and k-means to produce a clustering set. Law et al. [20] applied multiple clustering algorithms with different objective functions as base clusterings and transformed a clustering ensemble problem as a
multiobjective optimization.
3) Run one or more clustering algorithms on different subspaces or subsamples from a dataset [15], [21]–[23], [23]–
[27]. Fischer and Buhmann [21] applied the bootstrap
method to obtain several data subsets. Fern et al. [25]
used the random projection method to obtain several feature subspaces. Yang and Jiang [27] proposed a novel hybrid sampling method for cluster ensemble by combining
the strengths of boosting and bagging.
For ensemble strategy, there are several representative methods that can be classified into the following four categories.
1) The pairwise similarity approach that makes use of cooccurrence relationships between all pairs of data objects to aggregate multiple clusterings [13], [14], [28]–
[31]. Fred and Jain [28] proposed an ensemble algorithm based on evidence accumulation and constructed
a co-association (CO) matrix. Yang et al. [29] made use
of clustering validity functions as weights to construct
a weighted similarity matrix. Iam-On et al. [30], [31]
defined a link-based similarity matrix that sufficiently
considers the similarity between clusters. Su et al. [13]
extended the link-based similarity matrix to deal with
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fuzzy clusterings. In the fuzzy cluster ensemble framework, Yu et al. [14] measure the label consistency between
two objects on different subspace clusterings to construct
the pairwise similarity matrix.
2) The graph-based approach that expresses the base clustering information as an undirected graph and, then, derives the ensemble clustering via graph partitioning [10],
[32]–[34]. Strehl and Ghosh [10] proposed three hypergraph ensemble algorithms: cluster-based similarity partitioning algorithm (CSPA), hyper graph partitioning algorithm (HGPA), and metaclustering algorithm (MCLA).
CSPA creates a similarity graph, where the vertices represent objects and the weights of edges represent similarity. HGPA constructs a hypergraph, where the vertices represent objects and the same weighted hyperedges represent clusters. MCLA generates a graph where
the vertices represent clusters and the weights of edges
reflect the similarity between clusters. Fern and Brodley [32] proposed the hybrid bipartite graph formulation algorithm where vertices represent both objects and
clusters.
3) The relabeling-based approach that expresses the base
clustering information as label vectors and, then, aggregates via label alignment [22], [23], [35], [37], [38]. Its
representative methods can be classified into two types:
crisp label correspondence and soft label correspondence.
The crisp methods [22], [23], [37] transfer the relabeling problem into a minimum cost one-to-one assignment
problem. Long et al. [38] used an alternating optimization strategy to solve the soft label alignment problem.
Rathore et al. [15] proposed an efficient fuzzy ensemble
framework that uses a cumulative agreement scheme to
aggregate fuzzy clusters.
4) The feature-based approach that treats the problem of cluster ensemble as the clustering of categorical data [39]–
[44]. Cristofor and Simovici [39] integrated the information theory and genetic algorithms to search for the most
consensus clustering. Topchy et al. [40] proposed a probabilistic framework and used the EM algorithm for finding
the consensus clustering. Nguyen et al. [43] made use of
the k-modes [44] as the consensus function for cluster
ensemble.
It is worth noting that the research objective of this paper
is different from those of existing cluster ensemble algorithms.
Most existing algorithms mainly focus on how to obtain the most
consensus clustering from base clusterings, which can improve
the clustering quality and robustness. However, these algorithms
do not consider the credibility of memberships, which imposes
difficulties at realizing “multiple weak clusterings equal to a
strong clustering.” Therefore, this paper mainly study how to
integrate multiple fuzzy k-means clusterings to rapidly recognize a complex clustering.
III. NEW CLUSTER ENSEMBLE ALGORITHM
A. Cluster Ensemble Problem
T
Let X = {xi }N
i=1 be a set of N objects, Π = {πh }h=1 be
kh
a set of T base clusterings, πh = {Chl }l=1 be the hth base
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clustering, where kh is the number of clusters and Chl is the lth
cluster in πh , W = {Wh }Th=1 be a set of membership matrices
and Wh = [whli ]1≤l≤k h ,1≤i≤N be the membership matrix of the
hth clustering, where whli is the membership of object xi to
cluster Chl . K = {kh }Th=1 be a set of the number of clusters
in each base clustering. The cluster ensemble problem aims
to find out a final clustering π ∗ of dataset X based on the
clustering set Π.
In this paper, the fuzzy k-means algorithm is used as a base
clusterer. Its objective function F is described as
F (Wh , Vh ) =

kh 
N


(whli )m xi − vhl 2

l=1 i=1
h
where
Vh = {vhl }kl=1
and

2
xi − vhl  is Euclidean

Fig. 1.

Clustering of fuzzy k-means.

vhl is the lth cluster center and
distance between the object xi and
the center vhl of the lth cluster. Fuzzy k-means makes use of
alternatively updating Wh and Vh to solve the problem of minimizing F in finding cluster solutions. Its clustering results are
often different, while it runs with different initial cluster centers.
Therefore, we attempt to produce multiple base clusterings by
fuzzy k-means and integrate them to rapidly generate a good
clustering result on datasets. However, there are three important
factors that often affect the effectiveness of cluster ensemble as
follows:
1) The membership credibility: In a base clustering, there
are some objects whose memberships may be correct.
If these objects have consistently incorrect memberships
in the base clusterings, these memberships are combined
into the final clustering, which leads to reducing the effectiveness of ensemble. It is a key task for enhancing the
ensemble effectiveness to provide an evaluation criterion
for membership credibility.
2) The difference among base clusterings: In cluster ensemble, people wish base clusterings are different to some
extent from each other. The ensemble learning uses the
difference to find out a robust clustering result. If most
base clusterings in Π are very similar, it is not worth
integrating them. Thus, we wish to obtain multiple complementary clusterings of fuzzy k-means to adequately
describe the entire data.
3) The relation of clusters: Unlike classification, each base
clustering may have a different representation of labels.
Thus, we need to judge which cluster labels represent
the same clusters. Obtaining a good relation of clusters is
the prerequisite to cluster ensemble. It is noted that the
relation of clusters is different from that of most existing relabeling methods. Since the clusters from the same
clustering also may represent the same cluster, we should
reflect the relation of all the clusters from the same and
different base clusterings.
In the following, we will propose an ensemble clusterer of
MFKMs, which can fully consider these factors.


where B(vhl ) = {xj ∈ X| ||xj − vhl ||2 ≤ } is the neighborhood of the cluster center vhl , which is also called
the local-credible space of the cluster Chl , for 1 ≤ i ≤ N and
1 ≤ h ≤ T . The definition shows that we only retain the membership information of the objects in the -neighborhood of a
cluster center.

B. Membership Credibility Function

C. Production of Multiple Base Clusterings

In fuzzy k-means, a cluster center is used to represent a cluster.
However, if a cluster is nonlinearly separable with other clusters,

To obtain MFKMs with different local-credible spaces, we
extend the objective function of fuzzy k-means to define an

the objects represented by a cluster center may come from different clusters. Take a clustering of fuzzy k-means shown in
Fig. 1 for example. We can see that Cluster 1 consists of objects
from different “true” clusters. Thus, the cluster center obtained
by fuzzy k-means is not suitable to represent a nonlinear cluster.
According to Fig. 1, we can also find that as the size of a local
space represented by the cluster center is gradually reduced,
the “true” cluster labels of objects in the local space are more
consistent.
Therefore, we evaluate the credibility of a cluster membership based on a local hypothesis. We think that a cluster center
can only represent the objects in its neighborhood space, and
the membership credibility of an object to a cluster should be
inversely proportional to the distance between the object and
the cluster center.
Thus, we use the following equation to evaluate the membership credibility:


exp −||xi − vhl ||2
(1)
N
2
j =1 exp (−||xj − vhl || )
which is the probability that object xi is as the neighbor of vhl .
The closer object xi is to vhl , the higher the probability is. We
use the probability to reflect the membership credibility of xi
to Chl . The higher the probability is, the more possibly vhl is
representative of xi . Therefore, based on (1), the membership
credibility function is defined as
⎧
⎨  exp (−||x i −v h l ||2 ) ,
if xi ∈ B(vhl )
N
2
(2)
λhli =
j = 1 exp (−||x j −v h l || )
⎩ 0,
otherwise

BAI et al.: AN ENSEMBLE CLUSTERER OF MULTIPLE FUZZY k -MEANS CLUSTERINGS TO RECOGNIZE ARBITRARILY SHAPED CLUSTERS

optimization problem of producing base clusterings as follows:
min Z(W ) =
W

T 
N


θhi

h=1 i=1

kh


λhli (whli )m ||xi − vhl ||2 .

l=1

(3)
In this function, except for λ, we introduce a new parameter
θhi ∈ [0, 1], which is used to reflect the importance of xi playing
a role in producing the hth base clustering. The more the θhi
value is, the more important the role of object xi is. We hope that
different clusterings are produced based on different distribution
of θ.
We propose an incremental learning method to solve the optimization problem. The method gradually produces multiple
base clusterings by trying to optimize an incremental problem
at each stage. The incremental problem is described as follows.

Given W including the membership matrices of the first hth
obtained base clusterings (0 ≤ h < T )


min Z(W ∪ {Wh+1 })

(4)

Wh + 1

kh
f=1

||x i −v h l ||
||x i −v h f ||2

for l = 1 : 
kh do
N
θ λ (w ) m x
vhl = i =N1 hθ i hλl i (wh l i ) m i ;
i= 1

h
θhi exp − maxkl=1
λhli

j =1

Algorithm 1 The MFKM Algorithm.
Input: X, K, , T
Output: W , V
Initialize Π = ∅, V = ∅, h = 1, S = X and θ1i = N1 for
1 ≤ i ≤ N;
while h ≤ T do
if |S| < kh then
Break;
Vh is made up of randomly selected kh objects on S;
Compute λhli for 1 ≤ l ≤ kh and 1 ≤ i ≤ N ;
while F < F  do
F = F;
for i = 1 : N do
for l = 1 : kh do
1
whli =  
 1 / ( m −1 ) ;
2

hi

h li

h li

Update λhli for 1 ≤ l ≤ kh and 1 ≤ i ≤ N ;
kh
N


F =
θhi
λhli (whli )m ||xi − vhl ||2 ;

subject to
θh+1i = 
N
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i=1

(5)

h
θhj exp − maxkl=1
λhlj

l=1

kh
Update S = S − {xi ∈ S|
0}, θh+1i
maxl=1 λhli > 
for 1 ≤ i ≤ N , W = W {Wh }, V = V {Vh }, and
h = h + 1;

kh

for 1 ≤ i ≤ N . According to (5), we see that the higher max λhli
l=1

is, the lower θh+1i is. This means that its importance in producing next clustering is reduced, if object xi has a high credible
membership in the hth clustering. Such setting θ can help us to
produce clusterings with different credible memberships.
The incremental learning method, called the MFKM algorithm, is described in Algorithm 1. In the method, we initially
set h = 1, θhi = N1 for 1 ≤ i ≤ N and S = X, which is used to
store objects whose credible memberships are equal to zero at
the obtained clusterings. At the hth stage, we randomly select kh
objects as initial cluster centers from S and apply fuzzy k-means
with a new updated formula of Vh to cluster the dataset. In this
case, the cluster centers are updated by only considering the objects in their -neighborhoods, which makes the final obtained
cluster centers better represent the objects in their local-credible
spaces. After fuzzy k-means runs, we update S = S − S  , where
S  is a set of the objects whose maximum of local-credible memberships is more than 0 in the hth base clustering. Furthermore,
we update θh+1i for 1 ≤ i ≤ N . The above-mentioned procedure is repeated until the number of the objects in S is less
than k or the number of base clusterings is equal to T , which
is the desired number of base clusterings. If |S| < kh , we cannot select kh initial cluster centers. In this case, the number of
obtained clusterings may be less than T . The incremental procedure makes the cluster centers obtained at each time represent
different local-credible spaces.
The time complexity of the MFKM algorithm is
O(N Th=1 th kh ), where th is the number of iterations of fuzzy
k-means in the process of producing the hth base clustering and
T is the number of the produced base clusterings. The outputs
of the algorithm are membership matrices W = {Wh , 1 ≤ h ≤

T } and cluster center sets V = {Vh , 1 ≤ h ≤ T } of base clusterings.
D. Construction of Cluster Relation
Unlike classification where the labels represent specific
classes, the cluster labels only express grouping characteristics
of the data and cannot be directly comparable across different
clusterings in cluster analysis. Therefore, in cluster ensemble,
the labels of different clusterings should be aligned. Besides,
since the fuzzy k-means algorithm only can recognize linearly
separable clusters, two clusters from a base clustering may represent the same cluster. Therefore, we need to analyze the relation
of all the clusters from base clusterings.
Currently, there are several similarity or dissimilarity measures between clusters proposed in existing cluster ensemble
algorithms [12]. Among these measures, the degree of overlap
between two clusters, i.e., the number of their common objects,
is widely used to reflect their similarity, which can be seen in
the graph-based algorithms proposed by Strehl et al. [10] and
the relabeling-based algorithms proposed by Zhou et al. [23].
However, this measure cannot be used to evaluate the similarity
between clusters from the same clusterings, since they have no
common objects. To solve the problem, Iam-On et al. [30] proposed a link-based similarity measure between clusters, which
compares the overlap of them with other clusters. Although
these existing measures already have good practical contributions, they do not consider the credibility of cluster memberships
that may affect the performance of these measures. Therefore,
we need to design a new similarity measure to overcome the
shortcoming.
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the sum of membership credibility of each object to the latent
cluster to reflect its density. The density in the local-credible
space of C(hl,pq ) is defined as
 N

if ||vhl − vpq ||2 ≤ 4
i=1 λ(hl,pq )i ,
ρ(hl,pq ) =
(7)
0,
otherwise

Fig. 2.

(a) Latent cluster between clusters. (b) Similarity between clusters.

According to the MFKM algorithm, we know that the produced base clusterings Π are with different local-credible
spaces. Thus, we hope to measure the overlap between the localcredible spaces of two clusters to reflect their similarity. Let Chl
and
 Cpq be two clusters, vhl and vpq be their cluster centers. If
||vhl − vpq ||2 is no more than 2, their local-credible spaces
are overlapped. However, for any two clusters, the overlap of
their local-credible spaces is generally small or null, due to the
producing mechanism of the base clusterings by the MFKM
algorithm. Therefore, we introduce a latent cluster to evaluate
v +v
their “indirect” overlap. Let h l 2 p q be the midpoint of the two
centers vhl and vpq . We assume there is a latent cluster C(hl,pq )

v +v
whose cluster center is h l 2 p q . If ||vhl − vpq ||2 is no more
than 4, the local-credible spaces of both the clusters Chl and
Cpq are overlapped with that of the latent cluster C(hl,pq ) , which
can be seen in Fig. 2(a). In this case, we define that the localcredible spaces of Chl and Cpq are indirectly overlapped with
respect to the latent cluster.
We consider the following two factors to measure the “indirect” overlap between the local-credible spaces of clusters Chl
and Cpq as follows:
1) The similarity between their cluster centers.
2) The density in the local-credible space of their latent
cluster.
The similarity between two cluster centers is defined as




exp −||vhl − vpq ||2 , if ||vhl − vpq ||2 ≤ 4
.
σ(hl,pq ) =
0,
otherwise
(6)
We know that the smaller ||vhl − vpq ||2 is, the more overlapped
the local-credible spaces between them and C(hl,pq ) are. Therefore, we think their “indirect” overlap should be proportional to
σ(hl,pj ) . Besides, since the fuzzy k-means algorithm is a linear
clusterer, the spaces of any two clusters are separated by the
midline between their cluster centers. If the surrounding area
of their midpoint includes few objects, they can be clearly distinguished. Let us consider an example in Fig. 2(b). We see
that the center distance between clusters A and B is equal to
that between clusters B and C. However, we find out that the
boundary between clusters A and B is clearer than that between
clusters B and C. Thus, if the clarity of the boundary between
clusters is considered, clusters A and B are better separated than
clusters B and C. Therefore, we think that the “indirect” overlap of two clusters should be proportional to the density in the
local-credible space of their latent cluster. In this case, we use

where λ(hl,pq )i is the membership credibility of object xi to
cluster C(hl,pq ) , which can be computed by (2). Therefore, we
integrate σ and ρ to define the similarity measure for two clusters
as follows:



σ(hl,pq ) − min σ
ρ(hl,pq ) − min ρ
δ(hl,pq ) =
. (8)
max σ − min σ
max ρ − min ρ
According to the definition, we see that the similarity measure
is the product of the normalizations of σ and ρ. Based on the
similarity measure, we construct an undirected and weighted
graph G ≤ A, Δ > to reflect the relation of these clusters. In
the graph G, A = {hl}1≤h≤T ,1≤l≤k h is a set of vertices each
representing a cluster label from Π. Thus, A is also seen as a set
of all the cluster labels in Π. Δ = {δ(hl,pq ) }1≤h,g ≤T ,1≤l,j ≤k h is
a weight set of edges between clusters. For any two clusters, we
use their similarity as the weight of the edge between them. The
higher similarity they have, the more possibly they represent the
same cluster.
After the weighted graph is obtained, the problem of constructing a cluster relation can be transferred to a normalized
graph cut problem, which is described as follows [5]:
⎡
⎤

k

1
hl∈A j ,pq ∈A −A j δ(hl,pq )
⎦

(9)
min ⎣Q(Ω) =
Ω
k j =1
hl∈A j ,pq ∈A δ(hl,pq )
where Ω = {Aj }kj=1 is a partition of vertices in the graph G
and Aj is the jth subset of A. We wish to obtain such a partition
by minimizing the objective function Q that the vertices in the
same subsets have very high similarity but are very dissimilar
with vertices in other subsets. In order to solve the optimization
problem, we apply the normalized spectral clustering (NSC)
algorithm [6] to obtain a final partition of A. The vertices in the
same subsets are used to represent a cluster. Thus, let L(Chl )
be the label of the subset that Chl belongs to, we have
L(Chl ) = j, if hl ∈ Aj

(10)

for 1 ≤ j ≤ k. 
The time complexity of constructing cluster relation is O(N ( Th=1 kh )2 ). Let us consider the example of the
dataset Flame to show a procedure of constructing cluster relation. The MFKM algorithm produces 12 clusters. Fig. 3(a)
shows their relation graph. We employ the NSC algorithm to
obtain a min-cut of this graph, which is shown in Fig. 3(b). All
the clusters in each subgraph are used to represent the same
cluster.
After relabeling the clusters from base clusterings, the membership matrix W ∗ of the final clustering π ∗ is obtained as
follows:

hl∈A j λhli whli
∗
(11)
wj i = 
pq ∈A λpq i wpq i
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TABLE I
DESCRIPTION OF DATASETS: NUMBER OF DATA OBJECTS (N), NUMBER OF
DIMENSIONS (D), NUMBER OF CLUSTERS (K)

Fig. 3. Example about a procedure of constructing cluster relation. (a) Graph
of cluster relation. (b) Min-cut of graph.

Algorithm 2 The FKMCE Algorithm.
Input: X, k, K, , T
Output: π ∗
W = arg min Z(W ) by Algorithm 1;
Compute λhli by (2), for 1 ≤ h ≤ T , 1 ≤ l ≤ kh ,
1 ≤ i ≤ N;
A = a set including all the cluster labels in Π;
for hl, pq ∈ A do
Compute δ(hl,pq ) by (8);
Obtain a graph of cluster relation G ≤ A, Δ >;
Ω = arg min Q(Ω) by the NSC algorithm;
Obtain the final membership matrix W ∗ by (11);
Obtain the final clustering π ∗ by (12);

Fig. 4. Data distribution of synthetic data. (a) Ring. (b) Jain. (c) Flame. (d)
Agg. (e) T4.8k. (f) T7.1k. (g) Chain. (h) Atom.
TABLE II
NOTATION FOR THE CONTINGENCY TABLE FOR COMPARING TWO PARTITIONS

for 1 ≤ i ≤ N and 1 ≤ j ≤ k. Given W ∗ , we can obtain the
final clustering as follows:
k

π ∗ (xi ) = arg max wj∗i
j =1

(12)

for 1 ≤ i ≤ N . The time complexity of generating the final
clustering is O(N T ).
A. Datasets
E. Overall Implementation
We integrate the above steps to form a new multiple fuzzy
k-means clustering ensemble (FKMCE) algorithm. This algorithm is described in Algorithm 2.
The overall time
complexity
of the FKMCE algorithm is O(N Th=1 th kh + N Th=1 kh +

N ( Th=1 kh )2 + N T ). We see that the time complexity is lin2
T
ear with the number of objects. Generally,
N.
h=1 kh
In this case, the time complexity is less than O(N 2 ). We know
that the time complexities of most existing complex clustering algorithms are no less than O(N 2 ). This indicates that the
FKMCE algorithm is suitable to deal with large-scale datasets,
compared to existing complex clustering algorithms.
IV. EXPERIMENTAL ANALYSIS
In this section, we carry out the FKMCE algorithm on eight
synthetic and five real datasets to illustrate its effectiveness and
efficiency.

Table I shows the details of these tested datasets. The data
distributions of the synthetic datasets are shown in Fig. 4. These
sets can be downloaded from [47]–[49].
B. Evaluation Criteria
We employ the two widely-used external criteria adjusted
rand index (ARI) [50] and normalized mutual information
(NMI) [51] to measure the similarity between the clustering result and the true partition on a dataset. Given a
dataset X with N objects and two partitions of these objects, namely C = {c1 , c2 , . . . , ck } (the clustering result) and
P = {p1 , p2 , . . . , pk  } (the true partition), the overlappings between C and P can be summarized in a contingency table (see
Table II), where nij denotes the number of common nodes of
groups ci and pj : nij = |ci ∩ pj |. The ARI [50] is defined as
 n i j    b i   d j   N 
−[ i
]/
ij
j
ARI = 1  b i  2 d j  2  b i 2  2d j  N 
i 2 +
j 2 ]−[
i 2
j 2 ]/ 2
2[
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TABLE III
ARI MEASURES OF DIFFERENT METHODS

where nij , bi , and dj are values from the contingency table (see
Table II). The NMI [51] is defined as
 
n N
2 i j nij log biijd j
NMI = 
.

d
− i bi log bNi − j dj log Nj
If a clustering result is close to the true partition, then its ARI
and NMI values are high.
C. Compared Methods
In order to properly examine the performance of the proposed
algorithm, we compare it with the following cluster ensemble
algorithms. The codes of these compared algorithms are open
and accessible, which can be found from the personal homepage
of these authors.
1) Pairwise similarity algorithms include the CO similarity
matrix proposed by Fred and Jain [17] and the three linkbased similarity matrices WCT, WTQ, and CSM proposed
by Iam-On et al.[30], and the two fuzzy similarity matrices
FLink and FCTS proposed by Su et al. [13]. The averagelink (AL) algorithm is used to derive the final solution.
2) Graph-based algorithms include the CSPA, HGPA, and
MCLA proposed by Strehl and Ghosh [10].
3) Relabeling-based algorithms include the selectively voting (SV) algorithm and the selectively weighted voting
(SWV) algorithm proposed by Zhou and Tang [23], the
cumulative agreement-based fuzzy k-means (CAFCM)
algorithm proposed by Rathore et al. [15].
4) Feature-based algorithms include the expectation maximization (EM) algorithm for cluster ensemble proposed
by Topchy et al. [40] and the iterative voting consensus
(IVC) algorithm proposed by Nguyen et al.[43].
Besides, we compare FKMCE with three complex clustering
algorithms including the NSC algorithm [6], the density-based
spatial clustering of applications with noise (DBSCAN) [7] and
the clustering by fast search and find of density peaks (CFSFDP)
[8]. The aim of the comparison is to show the simulation of
FKMCE for complex clustering.

D. Experimental Settings
To compare these different algorithms, we need to introduce the settings of their related parameters, which are listed as
follows:
1) For the compared cluster ensemble algorithms, we run
fuzzy k-means T times, each with a random and different
initialization of cluster centers, to produce base clusterings on a dataset. The number of clusters kh in each base
clustering is equal to the true number of classes on each of
the given datasets. We set the number of base clusterings
T = 40 and the fuzzy index m = 2. For other parameters
of these algorithms, we set them according to the suggestions of the authors.
2) The DBSCAN, CFSFDP, and FKMCE algorithms are required to input 
the parameter
. We estimate the

  value
x
by using d¯ = n1 ni=1 ||xi − x̄||2 where x̄ = nj=1 nj .
However, each of these algorithms may need different 
values on a dataset. Thus, we select the parameter in the
¯
¯ with the step size as d/10.
¯
interval [d/10,
d]
We test each
of these algorithms with the ten different values and select
the highest ARI and NMI values on each dataset for comparison. However, different from DBSCAN and CFSFDP,
the FKMCE algorithm has a certain randomness. Therefore, we need to run the FKMCE algorithm 50 times on
each dataset and compute the average ARI and NMI values for comparison. For the parameters kh , T , and m of
FKMCE, we set the same values as those of other cluster
ensemble algorithms.
3) For the NSC algorithm, we use Gaussian kernel to obtain
a pairwise-objects similarity matrix and set the kernel
parameter δ 2 in the interval [0.1,2] with the step size
as 0.1. We select the highest ARI and NMI values for
comparison.
E. Experimental Results
We first test these algorithms on the given datasets to compare
their clustering accuracies. Tables III and IV show the ARI and
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TABLE IV
NMI MEASURES OF DIFFERENT METHODS

TABLE V
STANDARD DEVIATION OF THE FKMCE ALGORITHM FOR THE ARI AND NMI MEASURES

NMI values of existing cluster ensemble algorithms on synthetic
and real datasets, respectively. The bold values in these tables
represent the highest value of the compared algorithms on each
data set. According to these tables, we see that the clustering
accuracies of the FKMCE algorithm are obviously superior
to other cluster ensemble algorithms on these tested datasets.
The main reason is that the base clusterings produced by fuzzy
k-means include lots of incredible memberships, while we are
clustering these datasets with different-shaped clusters. The existing ensemble algorithms cannot integrate them to recognize
these clusters, due to the lack of evaluation about the membership credibilities. But our proposed algorithm can recognize the
credible memberships to effectively discover different-shaped
clusters and improve the performance of the fuzzy k-means
algorithm. Besides, Tables III and IV also show the comparison
results of the FKMCE algorithm with the NSC, DBSCAN, and
CFSFDP clustering algorithms on the given datasets. We can see
that the clustering validity of the FKMCE algorithm is superior
or close to the best results of these algorithms. The experiments
tell us that the proposed algorithm can well simulate complex
clustering results. Furthermore, we compare the efficiency of
the FKMCE algorithm with the NSC, DBSCAN, and CFSFDP
algorithms on the KDD-CUP’99 dataset. In the experiment,
we fix k = 2 and  = 0.14. Fig. 5 shows the running time of
these algorithms with different numbers of objects. We can see
that the proposed algorithm is very efficient, compared to other
algorithms. This indicates that the FKMCE algorithm is a good
choice for clustering large-scale datasets.
Due to the fact that the FKMCE algorithm has a certain
randomness, we test it 50 times on each datasets. Table V shows
the standard deviation (std) of the ARI and NMI values for its

Fig. 5.

Time comparison of different algorithms.

50 clustering results. We can see that the std value is less than
0.1 on each dataset. This indicates that the randomness has a
limited impact on the performance of the FKMCE algorithm.
Furthermore, we test the effect of the parameter  on the
performance of the FKMCE algorithm by the experiments. We
take the iris and wine data for example. According to Fig. 6,
we see that the clustering accuracy of the FKMCE algorithm
is very poor while the  value is very low. As the  value is
further growing, the performance of the algorithm is becoming
better. However, while the  value is increasing to a certain
extent, the clustering accuracy is decreasing. This experimental
result tells us that the  value is too large or small to obtain a
good ensemble result. Since the performance of the FKMCE
algorithm depends on the parameter setting, we should select
a suitable value of  on each dataset. However, there are few
theoretical guidelines for setting the parameter. In this paper, we
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